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PREFACE. 



npHIS little book is an attempt to simplify a subject 
-*- which the majority of boys find unusually difficult. 

It is intended partly for young boys with some 
mathematical taste, and partly for those who have to get 
up a little for military and other examinations, but who 
do not intend to pursue their studies farther than is 
necessary for these examinations. 

With these objects, the explanations have been made 
very full, but all reference to oblique coordinates and to 
transformations has been postponed to the last chapter. 

A large number of easy examples have been specially 
prepared for this book. 

Though some of the articles and examples have been 
taken from my Elementary Analytical Geometry, this 
book is constructed on a different plan from the other. 

I hope that it will be found sufficient as far as it goes, 
and an easy introduction to more advanced treatises on 
the subject. 

T. G. VYVYAN. 



Charterhouse, 
January, 1894. 
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in the plane: through 
draw any straight 
line XOX' of unlimit- 
ed length, and draw 
YOY, also of unliinit- 
edlength,perpendicu- 
lar to XOX': in OX 
take any point M, 
and through M draw 
a straight line parallel 
to YOY; it is evident 
that all points in this 
line are at the same distance OM from YOY. 

v. G. 
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Let us denote distance from FOF by the symbol x; 
then all points in the 
line PMQ have the 
same value of x y and 
if we call that value 
a, the equation x = a 
is true for all points 
on that line. 

Similarly, if through 
any point N on YOx' 
we draw RNP parallel 
to XOX', all points in 
this line are at the 
same distance from 
XOX' ; and if we de- 
note distance measured 
from XOX' by the sym- 
bol y, and ON = b, the 
equation y = b is true for all points on RNP. 

At the point P, at which these lines intersect, x = a, 
y = 6. 

3. If, however, we take points M \ N' on 0X\ F, such 
that OM'=OM, 
ON' = ON, and 
through M\ N' 
draw straight 
lines parallel to 
YOY\ XOX' 
respectively, it 
would seem that 
at each of the 
points P, Q, R, 
S, where these 
four lines inter- 
sect, x=a,y=b: 
it is necessary 
therefore to adopt some convention or rule to distinguish 
between these four points. 
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THE POINT. 3 

Let us suppose that all lines drawn in any definite 
direction are considered positive ; then those drawn in the 
opposite direction will be negative. 

Let all lines drawn to the right of YOY' parallel to 
XOX' be positive, then those to the left will be negative ; 
. thus if OM = a, OM' = - a. 

Similarly, let lines drawn parallel to YOY above XOX' 
be positive, then those drawn below will be negative ; thus 
if 0^=6, 0^ = -6. 

If then, as before, x, y denote distance from YOY, 
XOX' respectively, then at P, # = a, y = b, at Q, x~a, 
y = — b t at R, x = — a, y = b, and at 8, x = — a, y = — b. 

4. Axes, Coordinates, System of Coordinates. 

We can now explain what we mean by the coordinates 
of a point. 

Let be a fixed point in a plane XOY: let X0X\ 
YOY' be two straight lines in that 
plane at right angles to each other, 
P any point in the plane. 

Through P draw PM perpen- 
dicular to OX, cutting it in M ; 
then it is evident that if OM, PM 
are known in magnitude and di- 
rection or sign, the position of P — . 
is completely determined. 

OM is obviously equal to the 
perpendicular from P on OY. 

OM, PM are called the co- 
ordinates of P, and are denoted by x, y respectively : is 
called the origin, OX the axis of x, since x is measured 
along it, OY the axis of y, since y is measured parallel 
to it. 

OM, PM are said to be the coordinates of P belonging 
to the system XOY. 

1—2 
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The point P, whose coordinates are x, y, is often called 
the point (xy) : thus, a point, for 
which a? = a, y = 6, is called the 
point (ah). 

When the point P is not com- 
pletely determined, its coordi- 
nates are denoted by the variables 
x > y\ x > y'\ & c « When the position 
of a point is completely known, — ■ 
the coordinates are generally de- 
noted by the letters a, 6; h, k; or 
by x, y with suffixes such as x lt y x ; 
x 2> y 2 ; &c. 

Thus, if we want to determine the position of a point 
with reference to fixed points we shall use x> y for the 
coordinates of the unknown point, and a, 6; h t k; x lt y X y 
&c, for the known coordinates of the fixed points. 

These coordinates are called Cartesian, because the 
methods of using them were first given by Des Cartes, in 
the seventeenth century. 

The student is now recommended to take a piece of 
paper, and draw two straight lines on it at right angles to 
each other, to measure off distances from the point of 
intersection along these lines equal to \ inch, and draw 
straight lines parallel to the original lines from these 
points, thus dividing the paper into small squares ; he will 
then be able to do the following exercise. 

Examples I. a. 

1. Let 1 represent i inch; indicate by a figure the 
relative positions of the following points : (3, 1), (2, 2), (4, 5) r 
(3, -1), (-1, 3), (-3, -1), (0, 2), (0, -3), (4, 0), (0, 4), 
(- 2, 0), (0, 0). 

2. Take any lengths OA, OB along the axes of x and y 
respectively, let OA = a, OB = b ; determine the position of 
the points (0, a), (0, 6), (a, 0), (a, 6), (-a, b), (2a, -35), 



(-3a, 0), g, -6). 
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5. Distinction between an expression and an equation. 

In Algebra, any determinate combination of letters is 
called an expression ; a statement that two expressions are 
equal, or that one is zero, is called an equation. 

So in Analytical Geometry we have expressions for the 
lengths of lines, areas of triangles, &c, and we obtain 
equations by putting these expressions equal to zero, or by 
making two of them equal. 

We shall recur to these equations in the next chapter, 
but as we have constantly to use lengths of straight lines 
and areas in Geometry, it is necessary first to obtain the 
equivalent algebraic expressions. 



6. To find ike distance of any 
point from the origin in terms of 
the coordinates of that point 

Let be the origin, P the point 
whose distance OP is required; let 
the coordinates of P be x, y. 

Then 

OP*=OM*+PM*=a?+y\ (Euc.i.47.) 

.-. OP = (x* + y*f. 

7. To find the distance between two points. 

Let d be the distance 
required. 

Let P, Q be the points, 
and let their coordinates 
be x lf y x \ x 2 , y 2 , respec- 
tively. 

Draw PR parallel to — 
the axis of x cutting QN 
in R. 





o M 
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Then 



PQ? = PIF + QR\ 
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But 
Similarly, 
QR = QN-PM=y 2 - yi ; 

or 

The student should 
draw figures in which P 
and Q are in different quadrants, so that any one or more 
of the quantities x ly y lt x 2 , y 2 may be negative : he will 
find that the foregoing reasoning still holds good. 

8. To find the coordinates of the point which bisects 
the straight line joining two given points. 

Let S be the point required, OK, SK its coordinates : 
let SK cut PR in T. 

Then 0K= OM+MK = OM + PT = OM + $PR 

__ X% ~~ Xi X\ "T" Xi 

-* 1 + ~~2~~ 2~~' 

Similarly, SK=^^. 

Similarly we may find the 
coordinates of the point which 
divides the straight line join- 
ing two given points in a 
given ratio. 

Let the given ratio be m : n, so that 
PS : SQ :: m : n. 

Then, with the same 
construction, 

PT : TR = m : n. 

.\ PT : PR = m : m + n. 
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Hence 



Similarly, 



OK^OM+PT ^**™ 1 . 

m+n 

SK = my * + ny 1 
rn + n 




Since we are only concerned with the ratio m : n, we 
may assume that m + n = 1, and this is usually a conve- 
nient assumption to make. 

Suppose 8 to be in PQ produced so that PS : SQ = m in- 
Then since PS, SQ are 
drawn in opposite direc- 
tions* they must be of op- 
posite signs ; writing — n 
for n in the preceding proof 
it will be seen still to hold 
good. 

The line is now said to 
be externally divided. 

If S and S' are two points such that PQ is internally 
and externally divided in the same ratio, PQ is said to 
be divided harmonically, and S f S' are called conjugate 
points. 

112 

It is easy to see that -p~ + p~ = p~ , the condition 

that PS, PQ, PS' form a harmonic progression. 

9. To find the area of the triangle whose angular 
points are given. 

Let PQR be the triangle, 
and let the coordinates of P, 
Q, R be xtf l9 x$ % , x z y z respec- 
tively. 

Then A PQR 

= PQNM + RLNQ - PMLR. 
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But PQJVif=JJIf^(PJf+Qiyr) = J(^-^)(y 2 + y 1 )* 
Similarly, RLNQ = J (^ - ^2) (y 8 + y a ), 

PifiiJ = i(a ? 3-^)(y 8 + y 1 ); 
.\ area required 

= i {(#2 -#i)(y 2 + y0 + te> - #2) (y* + y a ) - (*. - *i) (y 3 + yO} 
= £ (*#i - ##2 + *$* - ^yj + «#« - ^1). 

In this expression the coordinates must be taken in 
such an order as to make the 
whole expression positive. 

The student should con- 
vince himself, by placing P, Q % 
R in different positions, that 
this value is still the same 
in magnitude, though with a 
possible change of sign ; if for 

instance, we interchange the 

positions of P and Q, so that 
we interchange x^ with # a , y 1 with y 2 , the whole expression 
will be changed in sign, and .\ its numerical value will 
be unaltered. 

Again if Q is below PR we shall have the area changed 
in sign but not in value, and so too if any of the coordi- 
nates are negative. 

Different cases are given in the following questions, in 
every one of which a figure should be drawn. 

Examples I. b. 

1. Determine the distances of the following points from 
the origin : (2, 3), (12, 5), (-9, 40), (3a, 4a), (-26, b\ (a sin a, 
a cos a). 

2. Determine the distances between the following pairs 
of points : 3, 4 and 4, 3 ; — 3, 4 and 4, — 3 ; 1,1 and - 1, — 1 ; 
1, -1 and-1, -1;-1, 1 and 1, 1; 1, 1 and- 3, - 2; - 1, -5 
and 11, 0; h, k and 2h, -3k; a, b and 6, a; —3a, 2a and 
— 9a, — 6a. 

* If this is not obvious, produce MP, NQ to AT, IT so that PM'=QN, 
QN'=PM t then MM , =NN f =y 1 +y r MM'WN is a rectangle, of which 
M PQN is half. 
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3. Find the coordinates of the middle, points of the lines 
joining the pairs of points in question 2. 

4. Find the coordinates of the points which divide the 
same lines internally and externally in the ratio 2:1. 

5. Prove geometrically that the area of the triangle 
formed by joining the origin to the points (Kk), (h'V) is 
£ (W ~ h'k). 

6. Determine the areas of the triangles whose angular 
points are respectively 

(i) 3, 4; 0, 2; 3, 0. (ii) 1, 0; 4, 0; 0, 2. (iii) 0, 3; 
0,-3; 2,0. (iv) 3,1; 1,3; 1,5. (v) 3, - 1 : -1, -3 ; 1, 5. 
<vi) -3, -1; 1, 3; - 1, -5. (vii) -1, 3; 3, 1; 3, -5. 
(viii) a, b ; — a, — b ; /*, k. (ix) a, b ; a y —b\ —a, 0. 

{x) a cos a, a sin a ; a cos /?, a sin ft ; 0,0. 

7. Find the area of the quadrilateral whose angular points 
are (0, 0), (a^), (aj^), (a^ s ). 

Divide the quadrilateral into two triangles. 

8. Find the area of the quadrilateral whose angular 
points are (a?^), (a^y 2 ), (x& s \ (x# 4 ). 

10. Polar Coordinates. 

There is another system of coordinates which is often 
useful. Let be, as before, a fixed point, AOA' a fixed 
straight line, P any point. Join OP. 

It is evident that P is known in position if we know 
its distance from 0, and the angle that distance makes 
with OA. 

P 



A' 



O A 

Thus, if we denote the distance OP by r, and the angle 
AOP by 0, the position of P is determined if r and 6 are 
known. 



( 
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r, are called the polar coordinates of P ; is called 
the pole, OA the initial line, OP the radius vector of P. 

As in Trigonometry, the angle AOP is considered 
positive when measured in the direction opposite to that 
of the order of figures on a watch or counter clock-wise, 
negative when in that direction. 

Examples I. c. 

Indicate by a figure the relative position of the following 
points, when a represents \ inch ; 

a, 0), (a, , (2a, 30°), (a cos ^ , ?) , (5a, tan" 1 1) , 

(- 5a, tan" 1 !), ("""* 30 °^ ^ 2l0 °^ 

11. We can connect these two systems. 

Let be the same for both systems : let the axis of x 
be the initial line, and let the coordinates of P be x, y ;. 
r, referred to the two systems, respectively. 

Then OM = OP cos POM, PM = OP sin POM , 

or x = rcos0, y = rsin0. 

It is easy to see that as 
passes through all values from 
to 2ir, the signs of x and y are 
the same as those of cosd and 
sin 0, respectively. Conversely, 
if we wish to obtain the polar 
coordinates from the rectangular, q 
we have 

r 2 = r 3 cos 2 + r a sin 2 = x 2 + y 2 , tan =^. 

x 

Examples I. d. 

1. Change the coordinates from rectangular to polar in 
the equations 

y = x, x 2 + y* = a 2 , x 2 - y 2 = a 2 , y 2 = 4a#, x cos a + y sin a = p. 
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2. Change the coordinates from polar to rectangular in 
the equations 

o i 

Q = — r = c, - = cos $ + sin 0, r*sin 20 = a a , r = a cos 0, r cos 0=a. 

4 7* 

12. jTo find the distance between two points in polar 
coordinates. 




Let 

then 



A 

OP = r lt OQ = r r POA = lt QOA=0 it 
PQP = OF* + OQ* - 20P . OQ cosPOQ 

= n 2 + r 2 2 - 2rir 2 cos (0 1 ~ a ). 



13. To find the area of a triangle in polar coordinates. 

Si 




R 







Let 



OP=r lt OQ = r 2 , OR = r» POA = U QOA=0 2t ROA=0 3 - r 
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then APQR = AQOR - AQOP - APOR 

= i {»y« sin (ft - ft) - r^ sin (ft — ft) - r^ sin (ft - ft)} 
= £ {jy a sin (ft - ft) + r t r t sin (ft - 0,) + ry, sin (ft - ft)}. 




This may be written in the form, 

f an (ft -ft ) sin (ft - ft) sin (ft -ft) ) 
* w 1 n n r, j ' 

In this expression the coordinates must be taken in 
such an order as to make the whole expression positive. 

Examples I. e. 

1. A regular octagon is inscribed in a circle of radius a ; 
determine the coordinates of its angular points, taking the 
centre of the circle as origin, and two diameters passing 
through four angular points as axes. 

2. Tangents are drawn to the circle at the vertices of the 
octagon in the preceding question : determine the coordinates 
of the vertices of the octagon so formed. 

3. Determine the coordinates of the vertices of a regular 
hexagon the length of one side being a, one angular point 
being origin, and a side the axis of x. 
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4. ABC is a triangle, S 9 / the centres of the circum- 
scribed and inscribed circles; find the coordinates of S, I 
(1) taking A as origin and AB as axis of x, (2) taking A as 
pole and AB as the initial line. 

5. The coordinates of the angular points A 9 B 9 C of a 
triangle are (hfa), {hjc^ (hjc s ) respectively ; D, E y F are the 
middle points of BC 9 CA, AB respectively: determine the 
coordinates of D 9 E 9 F. 

6. In the preceding question, if DA be divided in G 9 so 
that DG : GA :: 1 : 2, determine the coordinates of G 9 and 
hence shew that AD 9 BE 9 GF are concurrent (meet in a point). 

7. If R be the middle point of PQ in Art. 12, r, $ its 
coordinates, find r, $ in terms of r,, 6 l9 r i9 $* 

8. Find the areas, in polar coordinates, of the following 
triangles having given the angular points : 

(1) The pole, (a, 0), (ft, . (2) The pole, (a, 0), (a, J . 
(3) (a, 0), (2a, , (3«, ^) . (4) (a, , (a, 0, (a, ^) . 



(5) (a, g, (2a, 0,(^,0). 



CHAPTER II. 



THE STRAIGHT LINE. EQUATIONS. 

14. Consider the equation x=a. 

Measure a length OA equal to a along the axis of x, 
and draw AP perpendicular to 
OA. 

Then, if P be any point on Y 
this straight line, its coordinates 
are OA,AP; but OA = a; there- 
fore x = a represents the straight 

line AP. 

Notice that all points for 
which x = a must be on this line, 
and that there are no points on the line for which x has 
any value except a. 

The equation therefore represents the line completely. 

The line is said to be the locus of the equation, and 
the equation is said to be the equation to the line. 

Just in the same way the equation y = b represents a 
straight line parallel to the axis of x and at a distance b 
from it. So, in polar coordinates r = c is true for all points 
whose distance from the pole is c, and for no others, its 
locus therefore is the circle whose 
centre is the pole and radius c. 

Again, take the equation x = y. 

Measure any length OA along the 
axis of x and draw AP equal to OA 
and perpendicular to it. 

Then POA = 45°. 
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Therefore x = y represents the straight line through 
which makes an angle 45° with the axis. 

Next, take the indeterminate equation of the first 
degree 

Ax + By + C = 0. 

Here we may give any value we please to one of the 
quantities, x or y } but if once we assign any particular 
value to either we thereby fix the other. 

The equation therefore represents an infinite number 
of points, the coordinates of each of which when substi- 
tuted in the equation Ax -f By +(7 = make it identically 
true. These points form a line, and this line is called the 
locus of the equation, and conversely the equation which is 
true for all points of the line is called the equation to the 
line. 

Conversely, if we draw a straight line or a curve, at 
each point on it there must be some definite relation 
between its coordinates, that relation will be expressed by 
means of an equation, which is called the equation to the 
line, and the line is said to be the locus of the equation. 

If the equation given is quadratic, it is evident that 
for each definite value of one variable, we shall, in general, 
get two values of the other. 

15. To trace the form of a curve represented by any 
equation. 

Take, as before, paper ruled in squares, and give x a 
series of values — 2, — 1, 0, 1, 2 etc. in succession. 

Then the values of y can be written down at once, 
and so a series of points on the locus determined. 

By taking a considerable number of such points, we 
can trace the shape of the locus. 

Of course, it will do equally well to assign a set of 
values to y, and obtain the corresponding values of x. 
We will take some examples. 
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(1) 2a? + y = 6. 

Give x the values - 1, 
0, 1, 2, 3, 4, 5, 6, then 
we get for y, 8, 6, 4, 2, 
0, — 2, — 4, — 6. Hence 
by drawing lines as in 
the figure the points 
marked P lie on a straight 
line. 




(2) ^+^ = 16. 

Here, if either x 2 or 
i/ 8 > 16, the other variable 
becomes impossible : this 
shews that the whole figure 
lies within the square form- 
ed by the four lines x = 4, 
y = 4, x = - 4, y = - 4. 

Again, if P be a point 
in the figure 

OM* + PM 2 = OP 2 ; 

.'. aP=16, OP = 4. 

This shews that P 
must be a point on the 
circle whose centre is 
and radius 4. 

(3) y 2 = 4a. 

Here if x is negative y is impossible, therefore no part of 
the locus lies to the left of 707'. 
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For every value of x there are two equal and opposite 
values of y; the 
locus is therefore a 
curve such that it 
is divided into two 
exactly equal parts 
by the axis of x. 

Now give x the 
values 0, 1, 4, 9, 
16, <fec. in succes- 
sion, then the values 
of y are 







0, *2, *4, ±6, 
*8, <fcc. 

As x increases y 
increases without 
limit. 

The dotted line 
in the figure will 
therefore represent 
the curve. 



r 
/ X 



\ 



Y' 



We have given two examples of quadratic equations, 
but the student should confine his attention for the 
present to simple equations. 

The following questions should be worked through 
very carefully, giving x or y a series of values, deter- 
mining the corresponding values of y or x, and marking 
down the position of the points thus found. 

If one of the variables has unity for its coefficient, it 
is easier to trace the locus by assigning values to the 
other, thus in the equation 3x + y = 4, we should give 
values — 1, 0, 1 in succession to x, but in x — Sy = 4 to y. 

The student should not use a separate diagram for 
each equation : he will get a much better notion of the 
way in which equations represent lines, if he takes the 
same axes for at least six. 



V. G. 



2 
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1 . x = 3y. 2. 

4. je + 3y + 4 = 0. 5. 

7. 3<r-2y=l. 8. 

10. x-y = l. 11. 



Examples II. a. 

3x + y = 0. 
3a? + y = 4. 
3« + 4y=12. 
4x + 5y + 1 = 0. 



3. a - 3y = 4. 

6. 2*+3y = 9. 

9. x + y = 6. 

12. fa-4y = I. 



13. 3a = 5y+6. 14. 2y = 8a-l. 



15. 



? + * = l 
3 + 2 ' 



16 ' 2"3 = L 



17. 



a y + 3 



18. |.?ti.O. 



19. y = (« - 2) tan 30°. 



20. y - 2 = a; tan 60°. 



The student should notice, that in every one of the 
preceding equations, the points obtained lie on a straight 
line : if he has done this, he will be able to understand 
the equation to a straight line under various forms, 
which it is the object of this chapter to discuss. 

16. To find the equation to the straight line which 
passes through two fixed points on the axes. 

Let the straight line cut the axis of # in the point A 
and that of y in the point 
B\ let OA =a, 0B = b; let 
the coordinates of P, any 
point in the line, be x and 

Then, 

v PN is parallel to BO, 
PN AN AO-ON 



" B0~A0 



or, 



AO ' 
y __a — x _ - _ x 




a 



a 



• u£ = l 

a b 



THE STRAIGHT LINE. 19 

This equation is therefore satisfied by every point in AB, 
and by no other points, since it is deduced from the 
geometrical relation PN : OB :: AN : OA, which is only 
true when P lies on 45; it is therefore the equation 
to AB. 

It may easily be seen that this equation holds for all 
points on the line AB, or AB produced either way. 

For let Q be such a point ; then 

QX'_AN_ ON 
B0~ AO " + AO 9 

-ON QN' 
'• AO + BO y 

but if x, y, be the coordinates of Q, #= — ON, y = QN, 

/.- + ?= 1, as before. 
a b 

17. Conditions that two equations shall represent 
the same locus. 

Suppose that we have two equations, one that to a 
known line, another which we wish to interpret, we can 
find the conditions that the two equations shall represent 
the same locus. 

In general, two equations taken together will give de- 
terminate values of x and y, and therefore represent points ; 
if, however, the coefficient of every term in the second is 
the same multiple of the coefficient of the corresponding 
term of the first, we may divide by that constant multiple 
and so obtain that first equation. 

The condition required is therefore that the ratio of 
the coefficients of a?, xy, y*, x, y, &c. and of the constant 
terms in the two equations should be the same. 

In practice, it is best to divide each equation by the 
coefficient of some term or by the constant term; then 
the coefficients of the other terms must be identical. 

This process is called equating coefficients. 

2—2 
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18. To prove that the general equation of the first 
degree Ix 4- my = d always represents a straight line. 

The equation Ix + my = d may be written 



Ix 



my _ 



d 



= 1. 



Now the equation to the straight line which cuts off 
intercepts a, b from the axes is 

| + | = 1 (Art. 16). 

Hence, these equations will represent the same line if 

I 1 m 1 d d , 

d = a> d = b'° T 7 =a 'm = b - 

Now since we can always measure off lengths equal to 

j , — along the axes, the equation Ix + my = d must 

represent the straight line which cuts off intercepts 

y , — from the axes of x and y respectively. 

19. This proposition is so important that we will 
prove it independently. 

Let lx + my=d be an 
equation, and P any point 
whose coordinates (x, y) 
satisfy the equation so that 

l.0N + m.PN=d, 

then P shall lie on a cer- 
tain straight line. 

Measure 0A = T , OB = — , and join AP, BP. 

I m J 

d — lx 




Now 



PJT-y- 



m 
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and 



AS=OA-OXr-±-m-±^ 



PN 

"AN 



m 



d 
m 

1 
I 



OB 
0A' 



/. P is a point on the straight line AB. 

This equation'is often written Ax + By + = 0. 

C G 
In this case the intercepts on the axes are ~ ~j > "" "» 

respectively. 

Since there are three constants in this equation, it 
would seem that a straight line could satisfy three con- 
ditions : this, however, is not the case, since we can divide 
by any one of the three without altering the equation, 
and then the straight line which it represents will be 
completely determined by the ratios thus obtained. 

20. To find the angle which the line 

Ix + my « d 

makes with the cuds of x, and the perpendicular on it 
from the origin. 

Let 0A = i, 05 = -, then, 
I m 

by the preceding Article, AB is 

the line required. 

Let BAX y the angle which 
BA makes with the positive 
direction of the axis of a?,* be 
called 0. 

Draw OD perpendicular to 
AB, and let OD = 8. 




d 



OB 



Then tan0 = -tan&4O = - 7r -r = --*=- 

OA 



m 

7 
l 



I 

TO 
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Again AB.OD=OB.OA, since each of these rect- 
angles is double the triangle OAB. 

But AB=OA* + 0*= J + ^ = 7C* ( '* + m * ); 



. d8(P + m*) h = <F 
Im lm 9 



8 = 



d 



(P+m*f 

This perpendicular may always be considered to be 
positive, provided we regard the angle it makes with the 
axis of x as having any magnitude less than 360°. 

21. We are now in a position to interpret any simple 
equation, and to draw the straight line which it represents. 

Put y = in the equation, the corresponding value of x 
will give the point at which the line cuts the axis of x. 

Put x = 0, we obtain the point at which it cuts the 
axis of y. 

Join these points, and we obtain the line required. 

We may observe that if the coefficients of x and y 
have the same sign, the line makes an obtuse angle with 
the axis of x, if different, an acute. 

Examples. Interpret the equations : 

x+2y = Z; a+2y + 3 = 0; 

x-2y = 3; x-2y + 3 = 0. 

In the first equation put y = 0> .*. a: =3; then put a? = 0, 
3 

Now measure OA= 3 

along the axis of x, and 
3 

OJB=~ along the axis of 

y. AB is the line re- 
quired. 

To interpret 
x + 2y + 3 = : 
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this line passes through the points as = — 3, y = ; sc = 0, 
3 

y = - -x ; measure .'. OA' - OA and OB = OB along the nega- 
tive parts of the axes. A'B is the line required. 

So the third and fourth equations represent AB\ A'B 
respectively. 

To determine the angles which these lines make with the 
axes, divide tthe coefficient of x by that of y and change the 

sign ; then - h > - h i h » h ar © * ne tangents of these angles. 
The perpendicular from the origin is 

—f=, in each case. 
<s/ 5 



Examples II. b. 

1. Draw the straight lines represented by the following 
equations, where 1 represents a line £ an inch in length. 

x = 2, x + 3 = 0, y = 1, y + 4 = 0, x = y, 2x + 3y = 0. 

4aj + 3y = 5, 4sc - 3y = 5, 4a? - 3y + 5 = 0, 4a? + 3y + 5 =-- 0. 

«J_i ^x^-l ?«y-1 ?x?xl-0 ^ ?-1 

2 3' 32' 2 3 ' 23' 3 2 

2. Determine the angle which each of the above lines 
makes with the axis of x, and the perpendicular from the 
origin. 

3. If $ be the angle which the perpendicular from the 
origin on Ix + my = d makes with the axis of x y where the 
perpendicular is supposed to have revolved counterclockwise 
from the position in which $ = 0, 

cos = , , sin $ = , d being always positive. 

V P + rn? wP + m 2 

4. Find the value of in the case of each of the lines in 
question 1, in which both x and y enter the equation. 
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22. To find the equation to the straight line which 
passes through the points x %9 y t ; x % , y t . 

Let the coordinates of any point on this line be x, y. 

Then the area of the triangle whose angular points are 

*• y > x v Vx\ x %> y% must ^ zero - 

/. (Art. 14) xy x - x t y + x x y % -X& + xj/-xy 9 = 0. 

Otherwise, suppose lx+my = d to be the equation re- 
quired. 

.\ lx + my=d (1), 

Ix^my^d (2), 

lx 2 + my 2 = d (3). 

Subtract (2) from (1) /. I (x — x t ) + m (y - y t ) = 0, 

. i = _ y-y t 



m 



x — x. 



subtract (2) from (3) .'. I (x a — x^)+m (y 9 — y t ) = 0, 

1 _ y*-Vx 



m 



x *~~ x \ 



• # y — Ui = y* — h { s the equation required. This is 
x^x t x i --x 1 ^ 

more conveniently written y — y 1 = — — — (# — #,)• 



x *~ x i 



We can obtain this geometrically very easily. 

Let G, D be the 
points (x^), (xj/ 9 ) t P 
any point (xy) on CD 
produced either way. 

Draw CK, DL, PN 
perpendicular to the axis 
of x and CRQ perpendi- 
cular to PN cutting DL, 
PN in iJ, Q respectively. 
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Then 

OK = x x , OL = x %9 ON = x; 

OT-y lf DL = y it PN=y. 
.'. CR = x % -x 17 DR = y % -y l9 CQ = x-x l9 PQ = y-y l 

Now by similar triangles CDR, CPQ, -^ = ^ ; 

that is, * — £*- = L , the equation required 

This equation may be written in either of the follow- 

ing forms: y -y,= J— £(*-*,), 

x % — x x 

(y - yd (*, - * t ) - (* - *d (3f% - Vi)> 
Wi - Xiy+vj/-xy*+ (c iy*'- x i/i = °- 

This result may also be obtained from Art. 13, by 
supposing P to divide CD in the ratio m : n, putting 



x= m*t + n* x my a +ny l 

m + n '^ m + n 



and eliminating the indeterminate quantity 



m 
n 



23. To find the equation to a straight line which 
passes through a given point, and makes a given angle 
with the axis of x. 

Let ACP be the straight 
line, C the given point {xj/ x \ 
P the point (xy), and let 
CAX = a. 

Draw CQ parallel to OX 
•cutting PN in Q. 

Then, in the figure, 

ON=x,PN = y f OK=x x , 

CK = y x . 

.\CQ = x-x x> PQ = y-y x . 




» 



Bat 

Uuk* 



CQ x-x t 



is the equation required. 

If tan a=/* ; we see that 
y— jf t = p,(x— x t ) represents 
a straight fine which passes 
through ay^, and makes an 
angle tan*/* with the axis 
of #„ 



Two special cases should be 
noticed 

(1) Let C be on the axis of y : 
then x t « 0. 

represents the straight line. 

This equation is often written 
y=smx + c t where c is the intercept 
on the axis of y. 



(2) Let C coincide with 0, and 
therefore Q with JV. 

Then the equation becomes 

y = fix. 

These forms can be easily proved 
independently. 



j 

^r 



/ \ 



/ 



X X 




N" X 




tf"~TE 



24. The equation 

may be connected with polar coordinates and expressed 
in a very convenient form. 
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Let CP, the distance between the fixed point and 
any point on the line, be 
denoted by r ; 

.'. CQ = rcosa, PQ = rsina, 

or 

#— x l = rcosa, y — y x = rama\ 

.*. x=x l +rco8a, y=y 1 +rsina. 

These equations are some- 
times written in the form 



x — x. 



_ y-y^ 



= r, and are 




cos a sm a 

very useful when we want to determine the rectangle, 
square, &c. of lines through a fixed point, and know a 
curve on which the other end of the line lies. 

25. To find the equation to a straight line in terms 
of the perpendicular from the origin and the angles which 
that perpendicular makes with the axes. 




Let APB be the straight line, OK the perpendicular 
from 0, and let OK =p, KOA = a. 

Draw NR parallel to AB, cutting OK in R, and draw 
PQ perpendicular to NR. 

Then 0R + RK=0K = p, 

but OR = ON cos a = x cos a, 



28 



ANALYTICAL GEOMETRY. 



and RK = PQ= PNsia a «y sin a, 

since QNP=RON=*\ 

.'. x cos a + y sin a =p, 
the equation required. 

26. To y&nd £Ae po Jar equation to a straight line. 
Let PQ be the line required, P any point (r, 0) on it. 

Let the perpendicular SK 
from the pole S make an angle 
liTSQ = a with the initial line. 

Then SP cos PSK = SK, 
or r cos(0 — a) =p, 
the equation required. 

This might also be obtain- 
ed by writing r cos 0, r sin 
for a? and y respectively in the 
equation x cos a + y sin a = p. 

The general polar equation 
to a straight line may be obtained from the rectangular 
equation 

Ix + my = d, 

by writing r cos 0, r sin for a? and y respectively. 
It becomes Ir cos + wr sin = rf> 




or 



J cos + ra sin = - . 

r 



27. Pofor equation to the straight line through two 
jixed points. 

Let (r v 0^(r %t 0^ be the coordinates of the fixed 
points, (r, 0) of any other point. 

Then the area of the triangle of which these points 
are the vertices is 

r^ ^-e t) + ^-o ) + S in(e-e t ) y (Art 13) 
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Now, if (r, 0) lie on the straight line joining the two 
points (r t , 0,), (r 8 , a ) this area must vanish. 

Hence *>(* t -Q + *><*,-*) + *>('- V_ 

r r t r % 

is the equation required. 

This equation, if expanded, is easily shewn to be of 
the form 

I cos + m sin = - . 

r 



Examples II. c. 

1. Interpret the following equations, and draw the lines 
represented : 

y-3 = 2( aJ -2),y + 3 = ^,y+l=V3(*+3), 

_ 1 . .. x-1 y — 2 r te . ir „ 

y- 2 = -^(x * 1), -^ = * T -= j, ajcosj +y an g = 2, 

# sin ^ — y cos « = 2. 

2. Find the equations to the straight lines which pass 
through the following pairs of points : (a, b) 9 (b, a) : (A, k), 
(-h, -*): (A, ife), (h, -*) : (A, -4), (-A, -4): (3, 4), (1, 2): 
(5, 6), (0, - 1) : (a cos 0, b sin 0), (a cos ^, 6 sin ^). 

3. Find the equation to the straight line which passes 
through the point (- 1, 2) and makes an angle 30° with the 
axis of x. 

4. Find the equation to the straight line which passes 
through the point (2, 2) and makes an angle of 45° with the 
axis of x. 

5. Find the equation to the straight line when the per- 
pendicular from the origin makes an angle - a with the axis 
of x and its length is b. 
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6. If the equations - + j- — 1, Ax + By + C = 0, y = /&« + v, 

x cos *+ y sin a = jp, represent the same line, then Aa= Bb; 

-C ab v rt 

p = . = _ = ■ : u sin a + cos a = 0. 

V^ + jB 2 Va' + ft 3 Vl + /i 8 

7. Find the length of the straight line drawn from the 
origin making an angle 45° with the axis of & to meet the line 
x + y = 2. 

8. Find the length of the line drawn from the point (2, 1) 
making an angle 30° with the axis to meet the line y = JZx—2. 

9. Find the length of .the line drawn from (hk) in a 
direction making an angle a with the axis of a? to meet the 
line y = mx + c. 

10. If the length of the line from (h, k) to meet y = mx + c 
be a, what is the angle it makes with the axis of x ? 

11. The length of the line drawn from the origin to a 
point on x cos a + y sin a = p being p sec /?, find the angle it 
makes with the axis of x. 

12. Shew that the equations r cos = a, r sin — a repre- 
sent straight lines perpendicular and parallel to the initial line 
at a distance a from the pole. 

13. Interpret the equations : 

0=o> + a = w, r sin f — -« j = p, - = cos $ + sin 0. 

14. Find the polar equations to the straight lines which 
pass through the following pairs of points: 

«, ; b, | : - a, 30° ; a, 60° : a, 60° ; a, 120°. 

15. ABC is a triangle : if A be the pole, AB the initial 
line, find the equation to the straight lines through A, B, C 
respectively which are perpendicular to the opposite sides, 
and the coordinates of their point of intersection. 

16. If r cos (0 — a) = p, I cos 6 + m sin = - , represent the 
same line 

m = tan a, d=p (P + my. 



CHAPTER III. 

THE STRAIGHT LINE, CONTINUED. 

28. To find the angle between two straight lines whose 
equations are given. * 

Let the given equations be 

Ix + my = d, 

I'x + m'y = d' f 

and let <f> be the angle required. 

Then <f> is the difference of the angles made by these 
lines with any other straight line. 

Now the tangents of the angles made by these straight 
lines with the axis of x are , -, , respectively. (Art. 

• 77c 771 

20.) _ t y_ 

. . mm' lm' — I'm 

tan 9 = ij = j7tt 7 • 

^ U 11 + mm 

1 + , 

mm 

Considering <f> to be the acute angle between the lines 
we must take the numerator as positive. 

If the two straight lines are parallel, tan <f> = 0. 

For they make the same angle with the axis of x, 

that is, — = — , . 
m m 

If the two straight lines are at right angles tan <f> = oo ; 
that is IV + mm' = 0. 

This may be seen independently, for if 6 be the angle 
that Ix + my = d makes with the axis of x, ff the angle 
which I'x + m'y = d' makes with the same axis, 

cot ff = — tan or — ^ = — . 

I m 
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The equation 2a? + my = cT, where <f is indeterminate, 
represents a straight line parallel to £r + my = <i,and by 
giving different values to <f, may be made to represent 
any such line. 

Similarly ,**- Jy=<f repnsente «y straight line per- 
pendicnlar to Ix + my = rf. 

It is obvious that the point of intersection of two 
straight lines is obtained by treating their equations as 
simultaneous. 

29. To find the equations to the straight lines which 
pass through a given point, and make a given angle with a 
given straight line. 

Let the equation to the given straight line AB, be 
reduced to the form y = x tan a + c, where BAX = a. 

Let C be the point 
( x Jfd> ^ nen * ne equation 
y-y x = m(x-x^ 

where m is indeterminate, 
may be made to represent 
any straight line through 
C. For it is the equation 
to some straight line which 
passes through C, since it 
is true when x = x v y = y v 
and any value can be given to m. 

Now if 

CDB = CFB = /3, CEX = a + /3, CGX = a-0, 

/. y — y x = (x — x x ) tan (a ± ft) represents CD or CF as the 
upper or lower sign is taken. 

Cor. y — y x = (x — x x ) tan a represents the straight 
line through xj/ t parallel to y = x tan a + c, and 

(y -yd tan a + x ~ x i = ° 

the perpendicular to it through the same point. 
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Thus - + r =X, where \ is indeterminate, represents any 
parallel to - + £ = 1, and ax — by = \ any perpendicular to 

X V X 11 

the same line, while - + %. = — + Y > &x — by = cue —by.YQ- 

a o a o 

present the parallel and perpendicular through x x y x . 

Thus to obtain the equation to a straight line perpen- 
dicular to a given straight line we must interchange the 
coefficients of x and y and change the sign between them : 
this will give one side of the equation required, the other 
must be obtained from some other condition about the line. 

Examples III, a. 

1. Find the acute angles, or tangents of the acute angles, 
between the following pairs of straight lines, drawing a figure 
in each case. 

(i) x + y = 3, and x = */3y. (ii) x = y, and y = 2 (x — 1). 

(iii) y = 2x — 1, and x = 2y — 1. 

X XI OC II 

(iv) - + t = If and T + - = 1, where a^>b. 
N ' a o b a 

(v) y -yi=|^ (*-*i> and y-y^y^^x-x,). 
(vi) #cosa + ysina=j9, and y — yi = (x — a^) cot a. 

2. Find the tangents of the interior angles of the tri- 
angles formed by the following sets of lines, verifying by the 
formula tan C = — tan (A + B)> and drawing figures. 

(i) y = 0,y=2x,y = x + 1. 

(ii) y=0,|+|=l,y=2« ; -f3. 

(iii) x = 0, 2y = a + 1, y = 2 (as + 1). 

(iv) y = x 9 2y = x + 2, y = Zx — 3. 

(v) as + 2y = 3, 2<e + y = 3, a; + y = 3. 

(vi) (as- a) cos a + y sin a= 0, y- 6 = a; tana, y+ 2 (# - a) = 0. 

V. G. 3 
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3. Find the equation to the straight line which is parallel 
to y = 2x — 3, and passes through the point (1,-2). 

4. Find the equation to the straight line which is parallel 
to 3<c + 4y = 5, and passes through the point 8, — 5. 

5. Find the equation to the straight line which is parallel 
to « + j = 1 and passes through the point ( - 6, — 8). 

6. Find the equations to the straight lines which are 
parallel to Ax + By + C = 0, and pass through the following 
points respectively, (10, 0), (a, 6), (Be, - Ac), 

7. Find the straight lines which are parallel to y = mx + c 
and at a distance a from the origin. 

8. Find the equation to the straight line which is per- 
pendicular to 7x—Sy-l5, and passes through the point (1, 1). 

9. Find the equation to the straight line which is per- 
pendicular to 3x + 2y = 3, and passes through the intersection 
of 7x-y= 10, and x + y = 6. 

10. Find the equations to two straight lines, which form 
right-angled triangles with y = 2sc, and 2y — x, and pass through 
the point (1, 2). 

11. Find the equation to the straight line which is per- 
pendicular to Ax + By + C — 0, and cuts off a length b from the 
axis of y. 

12. Find the equation to the straight line which is 

x XI 

perpendicular to - + j-= 1, and passes through the point (a, 6). 

13. Find the equation to the straight line which passes 

X y 
through the point (6, a), and is perpendicular to - + j- = 1. 

14. Find the equation to the straight line which is at a 
distance q from the origin, cuts the axis of y on the positive 
side, and is perpendicular to x cos a + y sin a=p. 

15. Find the equations to the straight lines which pass 
through the origin, and make angles of 15° with x + y — 2. 
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16. Find the equations to the straight lines which pass 
through the origin and make an equilateral triangle with 
y = J3x + 2. 

17. Find the equations to the straight lines which pass 

IT OS 1/ 

through (a, 0) and make angles j with - + ^ = 1. 

18. Find the equations to the straight lines which cut off 
a length b from the axis of y and make angles /3 with 

x cos a + y sin a=p. 

30. To find the perpendicular distance of a given 
point from a given straight line. 





Fig. l. 



Fig. 2. 



Let G be the given point, AB the given straight line, 
draw CD perpendicular to AB. 

Through C draw A'GE parallel to AB cutting the 
axes in A'B! respectively. Draw OQ'Q perpendicular to 
AB and therefore perpendicular to A 'B'. 

Let the coordinates of G be h, k and the equation 
to AB be 

lx + my = d, .'. 0Q=.-p— — 5^ and is positive. (Art. 20.) 

Now Ix + my = Ih + mk is the equation to A'B' 
(Art. 29) 

. f)n ,_ Ih + mk 
•■ W ~(f+my 

d — lh — mk 



.: CD = 0Q-0Q = 



(P + m*)* • 



3—2 
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It is necessary to pay attention to the signs in this 
expression. 

We have seen that the sign of a straight line denotes 
the direction in which it is measured, and have agreed 
(Art. 20) to consider the perpendicular from the origin on 
any straight line to be positive. 




Hence the sign of the perpendicular from a point on a 
straight line should be positive if that point is the origin, 
that is if A and k vanish. 

The expression above therefore gives the correct sign, 
provided d is positive. 

If lh + mk>d the perpendicular becomes negative; 
this shews that the point (hk) and the origin are on 
opposite sides of the line. 

In fig. (1) CD is positive, in fig. (2) negative. 
Notice that the perpendicular from x l y l on 
#cosa+ysina=^) is p — ^cosa — y x sin a. 

31. To find the distance between two parallel straight 
lines. 

The equations to the lines may be written in the form 

Ix + my = d, 

Ix + my = d', 

where I and m are the same in sign and magnitude for 
both lines. 
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It is clear that the distance between the lines is the 
difference of their distances from the origin, that is 
d-d' 

(F + my ' 

Since we are only concerned with the actual length of 
this distance, we must consider this expression to be 
positive. 

If d and d' are of the same sign, the lines are on the 
same side of the origin, if not the origin lies between them. 

Definition. If we have any equation to a line written 
in the form S = 0, where S is the result of taking all the 
terms to the left-hand side, and if we substitute the 
coordinates of any point in S, then the expression so 
obtained is called the power of the point with respect to 
the locus or equation. 

Thus Ih + mk — d is the power of hJc with respect to 
Ix + my — d = 0. 

We see then that the power of a point with respect to 
a line is proportional to the perpendicular from the point 
on the line. 

If the power vanishes, it is clear that the point is on 
the line. 



Examples worked out. 

1. Find the perpendiculars from the points (1, 1), (1, 2), 
(1, 3), on the straight line whose 
equation is 3y — 2as = 4: find also 
the equation to these perpendicu- 
lars, and their points of intersec- 
tion with the line. 

Divide both sides of the equa- 
tion 

3y-2a = 4 by VJF+T 3 or ^13 




38 



AHAL.YTICAL 



M>l] 11 



tT. 



the equation may now be written 
4 + 2*- 3y 

the perpendiculars required 
4 + 2-3 4 + 2-6, 



are 



JU 



4 + 2-9 



or 



Vl3 
0, 



-3 




JI3 ' J13 9 ~' JI3 

respectively. 

These results shew that the points are on the same side of 
the line as the origin, on the line, and on the side of it oppo- 
site to the origin, respectively. 

The equations to the lines perpendicular to 3y— 2sc = 4 
through the given points are (Art. 28) 

3(*-l)+2(y-l)=0, 3(*-l)+2(y-2)=0, 3(*-l)+2(y-3)=0, 

or 3a?+ 2y = 5, Zx+ 2y = 7, 13a; + 2y= 9, respectively. 

The coordinates of the feet of the perpendiculars are 
obtained by combining these equations with that to the 
original line : they are (^, f§), ( l > 2 )> (t!> f§) respectively. 

In the figure AB represents the original line, obtained by 
making A - — 2, OB = f , D, E, F the three points, obtained 
by measuring OC along the axis of x equal to unity, drawing 
CD perpendicular to OC, and giving the assigned values to 
CD, CE, CF. 

2. To find the area of the triangle, when the equations to 
the sides are 

*+y=3 (i), 

2*-y = 3 (ii), 

2y-* = 3 (iii). 

Let AB, AC, BC be 
the three lines, respec- 
tively, drawn as in pre- 
vious cases, then taking 
these equations in pairs 
simultaneously, it is easy 
to see that the coordi- 
nates of A, B, C are 
(2, l), (l, 2), (3, 3) re- 
spectively. 
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Now we could find the area of the triangle by substituting 
in the expression given in Art. 9, but the following is a better 
method. 

Suppose BA to cut the axis of x in D : draw AE y BF 
perpendicular to the axis of x, and CG perpendicular to AB. 

Then the area required is \AB . CG, 

Now AB = FE sec ODA=J2 9 and GC is 3 + f ~ 3 or 3^/2. 

Hence the required area is 3. 

The figure and geometrical construction are not absolutely 
essential, but are inserted for the sake of clearness. 

3. Find the ratio in which the line joining the points 
(3, 4), (4, 3) is cut by y = mx } and the value of m when it is 
bisected. 

Let the ratio be p : q, and let the coordinates of the point 
of section be x\ y. 

But this point is on y = mx 

o a i a o \ P 3m — 4 

.'. 3o + 4o' = m(4»+3g) .*. ^=- — — . 

N g 3 -4m 

P 
If the line is bisected - = 1, .\ m = 1. 

<1 



Examples III, 6. 

1. Find the distance of the point (2, 3) from the line 

aj + y = l. 

2. Find the distance of the point (3, 0) from the line 

-+^ = 1 
2 3 ' 

3. Find the distance of the point (0, 1) from the line 

x — 3y = 1. 

4. Find the distance of the point (-1,3) from the line 

3oj -»- 4y + 2 c= 0. 
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6. find the distance of the point (a, 6) from the line 

or— fly =0. 

7. Find the distance of the point (A, 1) from the line 

j|* + J3y + C = 2>. 

S. Find the distance of the origin from the line 

9. Find the distance of the point (A, k) from the line 



10. Find the distance of the point (a, 0) from the line 



a 
y= mx + — . 
m 

11. Find the distance of the point A, £, from the line 

^4.^-1 

a 8 + ft 8 " 1# 

12. Find the coordinates of the foot of the perpendicular 
in each of the preceding cases. 

13. Find the coordinates of the points of intersection of 
the four lines in questions 1 — 4. 

14. Find tbe distance between the following pairs of 
straight lines 

y = (x- a) tan a, and y = ( #- b) tan a ; 

a o a b 

5x-4y = 3 and 4y-5a5 = 4; 
x + y + 2 = and as + y = 1 ; 
3x + fy = 5 and 3a;+4y+l=0. 

15. If 6 be the angle between the lines whose equations 
are 1m + my = d, Vx + m'y - d' respectively, then 

^ 11 + OTtfft 

008 = 



(? + m i )f(? i + w^)i ' 
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16. Find the area of the triangle contained by the lines 

x=y 9 sc + y = 0, x = c. 

17. Find that contained by the lines 

x + y = a 9 2x = y + a 9 2y = x + a. 

18. Find that contained by the lines 

x 1/ 

-+f=l, y = 2x + b 9 x=2y + a. 
a o 

19. Find that contained by the lines 

y=zmx+o 9 x = my + a i -+j- = l. 

20. Find that contained by the lines 

4a;-3y=l, 12sc + 5y = 17, 12<c-5y=3. 

21. Find the equations to the straight lines which pass 
through the point (h 9 &), and form with the axes a triangle of 
given area. 

22. Find the equations to the straight lines which pass 
through the intersection of 4a; + Zy = 7, and 3a; - 4y + 1 = and 
are parallel and perpendicular to 4as - 3y = 0. 

23. If the straight lines 4a; + 3y = 7, 3a; — 4y + 1 = 0, cut 
the axes of x and y in A 9 B y C, D respectively and intersect 
in E 9 find the point within the angle AEG which is at a 
distance 1 from each. 

24. Find all the points which are at a distance d from 
each of the two straight lines y — mx + c, x cos a + y sin a = p. 

25. Find the point the distances of which from y = mx + c, 
m (y - c) + x = are a and b respectively, and which lies in 
that angle formed by those lines which is opposite to that 
which contains the origin. 

26. Find the coordinates of the point in which the line 

x t/ 
joining the points (3, 4), (4, 5) is cut by the line - + j-= 1, and 

Cb 

the relation between a and b when it is bisected at that point. 
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27. Find the coordinates of the point in which the line 
joining (1, 3), (3, 1) is cut by the line joining ( -a, 0), (0, b), 
and find a and b when it is bisected there, and the line joining 
the point to ( - a, 0) is bisected by the axis of y. 

28. Find the ratio in which the line joining the points 
(1, 2) (2, 1) is cut by that joining (3, 3) and (1, 1). 

29. Find the equations to the sides of the equilateral 
triangles of which (2, 2) (5, 1) are vertices, and the other 
vertex is on the side remote from the origin. 

30. Find the equations to the sides and diagonals of the 
parallelogram, 3 of whose angular points taken in order are 
(a, 0), (2a, 26), (0, b). 



CHAPTER IV. 



GROUPS OF STRAIGHT LINES. 



32. To find the equation to a straight line which 
passes through the intersection of two given straight lines. 

Let the equations to the two given lines be 

lx + my = d (1), 

l'x + m'y = d! (2). 

Then Ix + my- d = k(l'x + m'y -d') (3) 

is the equation required, where k may have any value. 

For this is the equation to some straight line, since it 
is of the first degree, and it is true when (1) and (2) are 
satisfied simultaneously, it therefore passes through the 
only point at which they are both true, the point of inter- 
section of the two straight lines. 

Since there are an infinite number of straight lines 
which pass through a given point, k is indeterminate, and 
is fixed in any case by the circumstances of the problem. 

For instance, we will find the equations to the two 
straight lines which bisect the angles between (1) and (2). 

Let (xy) be a point on one of these lines, p t ,p % the 
perpendiculars on the lines from (xy), then p x = ± p r 

But, (Art. 30) 

_ d — Ix — my _ d ' — Vx — m'y 
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Hence the equations are 

Ix + my — d_Vx + m'y — d' 
(P + my * (l» + my ' 

To distinguish between the two lines we will discuss 
them by means of a figure. 

Let AB, A'B' be the two 
straight lines intersecting 
in 0. 

Draw DC, EC bisecting 
the angles between them. 

Let P be a point (xy) 
on either DC or EC. 

It is clear that the two 
straight lines divide the 
plane into four compart- 
ments, and that the origin lies in one of these, unless 
either d or dl is zero, when it is on one of the lines. 

We have also seen that when a point and the origin 
lie on the same side of a straight line, the perpendicular 
from the point is positive. 

Suppose the origin to lie in the same compartment as 
D. Then from every point in the straight line DC, the 
perpendiculars have the same sign, from every point in 
EC, opposite signs. 

m , .. Ix + my — d Vx + m'y — d! 

The equation — ^ — * 8X1 = /m . *m represents 
^ (F-fra 8 )* (i^ + m^)* r 

therefore that bisector which passes through the compart- 
ment in which the origin lies. 

Exactly in the same way we may prove that the 
equation 

Ix + my — d = k (J!x + m'y — d f ) 

represents a straight line through the intersection of the 
two given straight lines which is in the same compart- 
ment as the origin if & is positive, and in the adjacent 
compartments if k is negative. If d and d! are not 
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positive, they can be made so by changing the sign of 
every term. 

The figure is drawn to represent the lines x + 2y = 3, 
Zx + y = 4 : the student should investigate the equations 
to DC and EG for these, and determine where they cut 
the axes. 

k is here called an arbitrary constant: it is constant 
for the same lines, but different values may be assigned to 
it making the line vary. 

The equation may then be considered to represent a 
group of straight lines always passing through a fixed 
point. 

33. Conversely, if the equation to a straight line 
contains an arbitrary constant in the first degree, the 
straight line always passes through a fixed point 

The equation must be of the form 

Am + By + C + k(A'x + B'y + C) = 0, 
where k is the arbitrary constant. 

Now if Ax + By + C = Q, A'x + Fy + C = Q simulta- 
neously, the equation is true for all values of k, that is to 
say, the straight line passes through the intersection of 
the straight lines denoted by these equations. 



Examples worked out. 

1. Find the equation to the line which passes through 
the intersection of ax + by + c = 0, a'x + b'y + c' = 0, and is 
parallel to Ix + my = d. 

The equation to any straight line through the intersection 
of the first pair is 

ax + by + c = k {a'x + b'y + c') where k is variable. 

Writing this in the form 

(a - ka') x + (6 - kb') y + c-kc' = 0, 
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we see that if it is parallel to lx + my = d, 

(a - ka') m = (b — kb') I. or * = —. m. 

N ' N ' am — bl 

The required equation is therefore 

(a'm - b'l) (ax + by + c) = (am — bT) (a'x + b'y + c') 

f J (be' - b'c) + m (a'c - ac') - 

or to + mv + — - ^ ^ = 0- 

* ab — ab 

2. Find the equation to the diagonals of the parallelogram 
whose sides have for their equations 

2cc + y = 9 (1), 2x+ y + 3=0 (3), 

5y-2a = 9 (2), 5y-2x+3 = (4). 

The equation to any straight line through the intersection 
of (1) and (2) is 2x + y- 9 +k(5y- 2x- 9) = 0. 

Similarly, the equation to any straight line through the 
intersection of (3) and (4) is 2x + y + 3 + k' (by - 2x + 3) = 0. 

t? + lis • * *u 2(1-*) 1 + 5* 9(1+*) 
Equate coefficients; then ^-^ = yTW = - gA—^ . 

Whence * = *' = - 1 and the diagonal is x — y. 

Similarly the equation to the other diagonal may be 
written in either of the forms 

2a; + 2/-9 + w(5y-2aj + 3) = 0, 

2x + y + 3 + m'(by -2aj-9) = 0. 

XJ? x , .... , 1 — m 1 + 5m. 3m — 9 

If these are identical -^ ; = , — - — , = - — K — ; , 

1 - m 1 + 5m 4 — 9m 

whence m = m' = 1 and the required equation is y = 1. 



Examples IV, a. 

1. Find the equations to the bisectors of the angles 
between the following pairs of lines, reducing them in each 
case to a simple form : 

(i) x + y = a and y = x, (ii) y = mx + c, and my + x = c. 

(iii) 3x + 4y = 5 and 4# + 3y = 5; 

(iv) x = a and - + ^ = 1. 
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(v) ascosa +y sina=^ and x cos ft + y sin ft = p. 

(vi) a + y=2, *+3y = 4. (vii) -+? = lf-2=l. 
(viii) y = a; + l, and y= 2a?+ 2. 

2. Find the equation to the straight line which passes 
through the intersection of 3as + 4y = 7, 4as — Sy = 2 and through 
the origin. 

3. Find the equation to the straight line which passes 
through the intersection of ax + by + c = 0, a'sc + &'y + c' = 0, 
and through the origin. 

4. Find the equation to the straight line which passes 
through the point (2, 2) and the intersection of the lines 
3sc-4y+ 1 =0, and 5x-4y- 1=0. 

5. Find the equation to the straight line which passes 
through the point (2, 1) and the intersection of the lines 
3sc + 4y = 1 1, and x - 3y + 5 = 0. 

6. Find the equation to the straight line which passes 
through the point (A, k), and through the intersection of the 

lines t + f = 1 an d y = m% + k. 

7. Find the equation to the straight line which passes 
through the intersection of - + t = 1 and y = mx and is parallel 
to the axis of x. 

8. Find the equation to the straight line which passes 
through the intersection of 3y + 7x = 5, and 4a? — y = 10, and is 
parallel to the axis of y. 

9. Find the equation to the straight line which passes 
through the intersection of x - 3y = 4, and 3x + y = 7, and is 
parallel to 7x — y = 4. 

10. Find the equation to the straight line which passes 
through the intersection of l x x + m^y = a\, Ijjc + mjy = d 2 and is 
parallel to l& + rn^y = d 9 

11. Find the equation to the straight line which passes 
through the intersection of 3x — 2y = 4 and 7a? — 3y = 1, and is 
perpendicular to the former. 
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12. Find the equation to the straight line which passes 
through the intersection of 4a; + y = 6, x — 3y = 2, and is per- 
pendicular to the latter. 

13. Find the equation to the straight line which passes 
through the intersection of x = 4 and as + y = 7, and is perpen- 
dicular to y = 4a; + 3. 

14. Find the equation to the straight line which passes 

x \i 
through the intersection of - + t = 1 and y = mx and is perpen- 
dicular to the former. 

15. Find the equation to the straight line which passes 
through the intersection of a; + y = 3, x — y = 1, and also through 
that of 3a; + 2y = 1 2, and 7x - 3y + 1 = 0. 

16. Find the equation to the straight line which passes 
through the intersection of 

x cos a + y sin a = p y x cos ft + y sin ft =p, 

and also through that of y = mx + c, x = my + c. 

17. Find the fixed points, independent of k, through 
which the following straight lines pass : 

(i) Ix + my = h (Vx + m'y). 

(ii) 3a; + 4y-7 + Jfe(a;-2y + l)=0. 

(iii) x - y + h (as + 4y - 1 0) = 0. 

<*> H**e*f-o- ft 

( v ) V ~~ m& + c = k{Sx + m(y + c)}. 
(vi) 7a+17y+3 + &(a: + 2y) = 0. 

18. Shew that the equations x-y— 1 + A; (3a; — 7y + 5) = 0, 
and 7a; = 3y + 15 + p (x + y — 5) represent the same group of 
straight lines. 

19. Find the equations to the diagonals of the parallelo- 
gram whose sides have for their equations y = 3, y + 2 = 0, 
as + y=5, a; + y= 1. 

20. Find the equations to the diagonals of the parallelo- 
gram when the equations to the sides are 

» + 3y=5, aj + 3y + 5 = 0, 3y-jc = 2, 3y-o;+2 = 0. 



THE STRAIGHT LINE. 49 

21. Find the equations to the diagonals, when those to 
the sides are 

x = a t x = b, x cos a + y sin a =jpj, £C0sa + ysina=^ s . 

22. Three consecutive angular points of a parallelogram 
are (a, 0) (h, k), (0, b) : find the other angular point, and the 
equations to the diagonals. 

34. To find the condition thai three points may be on 
the same straight line. 

Let (a?^), (#jy a )> O^s)* ^e *be coordinates of the 
points ; then, since these points lie on a straight line, the 
area of the triangle of which they are the angular points 
must be equal to 0, but twice the area of this triangle is 
equal to 

x iV* - *Hx - ^a - *#■ + x Hx ~ *xV* J (Art 9.) 

is the condition required. 

Generally however the best way of proving that three 
points lie on a straight line, is to write down the equation 
to the line through two of the points and prove that the 
coordinates of the third satisfy it. 

35. To find the condition that three straight lines pass 
through the same point. 

This is the same as finding the conditions that the 
same values of x and y shall satisfy the equations to the 
three lines. 

Let these three equations be 

l l x + m 1 y = d l (1), 

ljc + my = d % (2), 

l t p + m f y = d 9 (3). 

Multiply (2) by X, (3) by /*, and add ; 

/ . (l t + XZ a + pl t ) x + (m t + Xra 8 + /*mj y = d x + \d t + fid s 

for all values of X and /a, and .'. when l x + Xi a + fd z = 0, and 
m x + \m 2 + fim B = 0. 

v. G. 4 
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But then d x + \d 9 + fid 9 = also. 

Now if l x + Xi 9 + /d s = 0, and m x + Xm 9 + fim z = 0, 






is the condition required. 

Generally, however, the best way is to find the point 
of intersection of two straight lines, and to make its co- 
ordinates satisfy the third. 

Such straight lines are said to be concurrent. 

Problems which prove that three straight lines pass 
through a point may generally be much simplified by a 
judicious choice of axes. 

36. Examples of concurrent lines. 

We will exemplify the methods of some of the pre- 
ceding articles by proving some of the well-known proper- 
ties of a triangle, namely that the three sets of three 
straight lines passing through the angles, and (i) bisecting 
the opposite sides, (ii) perpendicular to the sides, (iii) 
bisecting the angles, are concurrent. 

i. Let ABC be a triangle, D, F t F the middle points of 
the sides, and let the coordinates of -4, B, C be (A^), (hjc 2 ), 
(h 9 k s ) respectively, any 
axes being taken, then 
those of D, E, F will be 

(Art. 8) ; 

therefore the equation 
to AD is (Art. 22) 




^.^)_^_^) =Al 
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or 

y{2h 1 - (A 2 + A3)} - x{2k 1 - (k 2 + 1%)} - ^(^ + *,) - ^ (A 2 + A,) 

(!)• 

Now the equation to BE may be obtained from this by a 
cyclic change of suffixes : that is if we write 2 for 1, 3 for 2, 
1 for 3, we pass from A to B, B to C, C to -4, and from 2> to 
E, E U>F, &ndFtoD. 

Hence the equations to BE, and GF may be written down. 
They must be 

y{2h 2 - (^ + ^)} - 3(2*. - (£ 3 + ^)} = ^ + &0 - * 2 (^ + ^1) 

(2), 

y{2h z - (h x + A,)} - x{2k z - (A^ + & 2 )} = A s (^ + k 2 ) - ^(^ + &,) 

(3). 

Now if we add these three equations together, both sides 
become identically zero. 

This shews that the three lines represented pass through a 
point, for if we add the two first together, we get an equation 
which represents a straight line through the intersection of 
that pair, but by so adding them we get the equation to 
the third, which therefore passes through that point of inter- 
section. 

We might have proved this by finding the point of inter- 
section of two : it is easily seen to be 

Aj + h^ + A3 &! + & 2 + & 3 
3 ' 3 * 

This point is called the centroid, or centre of gravity, of 
the triangle, and the intersecting lines are called medians. 

ii. Let AD, BE, CF be per- 
pendicular to the sides. Take 
CB as axis of x, AD as that of y ; 
let DB = a, DC = a', DA = b. 

Then the equations to AB, AC 
are 

x a \i x 

- + ~= 1 and ^ — } = 1 respectively. 
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Hence the equations to CF } BE which are perpendicular 
to these through ( — a', 0) (a, 0) 
respectively are (Art. 28) 

a (x + a') — by = 0, 

a' (x - a) + by = 0. 

The line whose equation is 
(a + a 7 ) a? = 0, or ce = 0, which is 
obtained by adding these equations 
must pass through the intersection 
of GF and BE. (Art. 32.) 

But x = is the equation to AD, which proves the theorem. 
The point where these three straight lines intersect is called 
the orthocentre. 

iii. Next, to prove that the bisectors of the angles are 
concurrent. We will use the property that if a straight line 
bisect an angle, the perpendiculars from any point on it on 
the arms of the angle must be equal. 

Take any rectangular axes, the origin being within the 
triangle, and let the equations to BC, CA 9 AB be 

x cos a + y sin a =p (1), 

acos/? + ysin/?=9 (2), 

x cos y + y sin y = r (3) respectively. 

Let AD, BE, CF be the bisectors. 
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Then the equation to AD is 

as cos fi + y sin /} — q = x cos y + y sin y - r, 

since these expressions are the lengths of the perpendiculars 
from (as, y) on (2), (3) respectively, changed in sign. 

Similarly the equation to BE is 

x cos a + y sin a — p = as cos y + y sin y — r ; 

therefore at the intersection of these two lines 

x cos a + y sin a — p = x cos /} + y sin /J — q. 

But this is the equation to GF t which therefore passes 
through the intersection of AD and BE. 

It may be proved in the same way that the bisectors of 
any pair of exterior angles of a triangle intersect on the 
bisector of the third angle. 

In applying theorem (3) to any triangle whose sides are 
given, the student should be careful in drawing a figure to 
represent the sides. 

If these sides are only given generally by means of such 
equations as kc + nvy = d, it is impossible to tell in which 
compartment the origin is situated, and therefore to distin- 
guish between the external and internal bisectors, but if we 
draw a figure, and notice the compartments in which is 
situated we can make the necessary distinction in any given 
case. 

The point / where the internal bisectors intersect, is the 
centre of the inscribed triangle, or the incentre. The other 
points are called excentres. 
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Examples IV, b. 

1. Write down the coordinates of the centroid when the 
coordinates of the angular points are (i) (0, 0), (a, 0), (0, b). 

(ii) (3,4), (1,2), (-4,-6). (in) (a, 6), (-a- 0) (a- 6). 

2. Find the coordinates of the centroid in the triangles, 
the equations to whose sides are as follows : 

(i) a? = 0, y = 0, x + y = 3. (ii) y = S 9 x + y = 0, x-y=Q. 
Ciii)« = l |+|»l f «-y-2 = 0. 

(iv) - + £-=1, y — mx, my + x=a. 

Ot 

3. Prove that the straight lines at right angles to the 
sides of any triangle from their middle points are concurrent, 
and that their point of intersection, (the circumcentre), is equally 
distant from the angular points. Take the angular points as 
(a, 0), (-a, 0)(A, k). 

4. Find the orthocentre and centroid in the triangle in 
question 3, and hence shew that in any triangle, if be the 
circumcentre, G the centroid, P the orthocentre, OGP is a 
straight line such that 200 = GP. 

5. Find the orthocentre and circumcentre in the triangles 
given in question 2. 

6. Find the orthocentre in each of the following triangles : 

(i) x = 0, y = mx 9 - + \ = 1. 
' * a b 

(ii) x + y = 1, y = 2x, x = 2y. 

(iii) x = a* -+?=li V= mx + & 
x a b 

(iv) tccosa + y sina = jp, x + b = 0, y = p-xco&a. 

7. Find the centroid, orthocentre, and centre of inscribed 
circle, in the triangle whose angular points are (2, 3), (1, — 2), 
(-3, 1). 
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8. Find the equations to the straight lines which bisect 
the interior angles of the following triangles, find also the 
incentres. 

(1) ascos^+ysm ~ =1, sccos^+ysin^ssl, re cos ^ -ysm-x = 1. 

(ii) x + y — 2, x = 0, y = 0. 

(iii) 2y + a?=2, 2aj + y = 4, y = 2«. 

(iv) a? + 3y = 3, 3y — x = 3, 3as = y, 

(v) 3ai4-4y=24, 3«-4y=12, 4x = 3y. 

(vi) a? + p = 0, a cos a+y sin a=p, x cos a - y sin a = p. 

9. The sides of a triangle are x + y = 3, y = 0, y = 2ac, find 
the equations to the lines which bisect the exterior angles. 

37. Although the equation to a straight line is of one 
dimension only, yet it does not follow that every equation 
of more than one dimension does not represent straight 
lines. 

Take for instance the equation 

xy — a (x + y) + a 3 = 0. 

This may be put in the form (x — a) (y — a) = 0, 

.\ either x — a = 0, or y — a = 0, 

that is to say, the locus of the equation is two straight 
lines. Generally, whenever an equation can be resolved 
into simple factors, it is satisfied by putting. each factor 
separately equal to zero, and is therefore the locus of the 
various lines whose equations are so obtained. 

The locus of an equation may be a point, or may be 
impossible. For instance, let 

(x-yY + (x + y + ay = 0. 

Here x — y = 0, and also a? + y + a = 0, since if the sum 
of two squares be zero, each of them must vanish ; 

a 

••• •-y — g 

is the only point which satisfies the equation. 
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Similarly, if we have the equation 

a? + (x-y)* + a* = 0, 

the locus is impossible, since no real values of x and y can 
be found such that a? 4- {x — yf shall be negative. 

The easiest way of testing an equation of the second 
degree which does not split up into factors by inspection 
is to treat it as a quadratic in either x or y. 

The general equation of the second degree is generally 
written in the form 

ax 2 + 2hxy + by* + 2gx + 2fy + c = : 

we will discuss the conditions that it may represent two 
straight lines or a point. 

38. A homogeneous equation of the second degree 
always represents two straight lines through the origin, or 
the origin itself. 

For the equation as? + Zhxy + by* = is equivalent to 
ax + hy = + (A a — ab)*y. 

Now if K* - ah be positive, this represents two real 
straight lines through the origin, but if negative, the 
equation is impossible unless both x and y vanish : it is 
therefore only true at the origin : in this case it may be 
said to represent two imaginary lines. 

If h* — ab — the left-hand side becomes a perfect 
square, so that the equation represents a straight line 
through the origin, or rather two coincident straight lines. 

39. We will discuss some of the properties of these 
straight lines without actually determining them. 

Since any straight line through the origin may be 
represented by y = mx, where m is the tangent of the 
angle made with the axis of x, we may suppose that the 
lines are represented by (y — mx) (y — m'x) = 0. 
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Hence, dividing every term in as? + 2hxy + 6y* « by 
b, and equating coefficients, we have 

, 2h , a 

m + m = — -=-, mm = r . 
o o 

These straight lines are therefore at right angles if 
a + b = 0, for then mm' = — 1. Hence the equation 

a? — y*= \xy 

always represents a pair of straight lines through the 
origin which are at right angles to each other, and may 
represent any pair. 

Again the angle between the linesy— m#=0, y— m'#=0 

is tan- 1 ™~ m \ (Art. 28). 
1 + mm / 

Now (m — my = (m + m')* — 4tmm' = , a — -. 

m-m' ^ ZQt-ab)k 
1 + mm a + b 

The equation to the pair of straight lines through the 
origin perpendicular to ax 2 + 2hxy + by = must be 

(my + x) (m'y + x) = f 
or mm'tf + (m + m') xy + x* = 0, 

that is, multiplying every term by 6, 

. ay 9 — 2hxy + bx* = 0. 

40. To find the equation to the straight lines which 
bisect the supplementary angles between those whose 
equation is ax 9 + 2hxy + by = 0. 

Suppose (xy) to be a point on one of these bisectors 
then the perpendiculars from (xy) on these lines must be 
equal without regard to sign. 

Hence we must have 



(y-mzf _ (y-m'xy . . 

l +m » - l + m " (A*- 32 -) 
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Multiplying up, aud rearranging we get 

tf(m"-m*)-2ay(m~m')(l+mm')+(m*-m'*)of = 0. 

Dividing by m — m' and substituting for m + m' and 
mm', we obtain 

A(*-/)-(a-&)*>y = O f 
the equation required. 

41. The general equation of the second degree 

aa? + 2hxy + by i + 2gx + 2fy + c = 

does not generally represent two straight lines: we will 
investigate the condition that it shall do so. 

Multiply by a, then the equation may be written in 
the form 

a^+2a(hy+g)x + (hy+gy = (hy+gy-(ab^^2afy+ac) 

= (h'-<ti)tf + 2(gh-af)y+g*-ac. 
Hence 

ax + hy + g = ±{(h*-ab)tf + 2(gh-af)y + g*-ac}i. 

If the expression on the right-hand side under the 
fractional index is a perfect square, or a perfect square 
with its sign changed, the equation will represent two real 
straight lines or two imaginary lines which intersect in a 
real point. 

The condition for either is 

(gh-af)* = (h*-ab)(<f-<w\ 
that is, abc + 2fgh — a/* — 6gr* — ch* = 0. 

The expression on the left is called the discriminant 
of the general equation of the second degree and is denoted 
by A. 

If this condition is fulfilled, the equation represents 
two real or imaginary straight lines as A 2 — ab is positive 
or negative. 

In testing any quadratic equation it is generally much 
easier to treat it as an ordinary quadratic in x or y than 
to substitute the coefficients in the discriminant. 
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The same result might be obtained by finding the 
condition that the general equation should reduce to the 
form (y — mx — d) (y — m'x — d!) = 0, but the process is 
much more difficult than that given above. 

It is easy to see, however, that 

, 2h , a 

m + m ,' = — -£-, mm = j- , 

and therefore, if the general equation of the second degree 
does represent two straight lines, that the straight lines 
through the origin parallel to them are represented by 

ax* + 2hxy + fry* = 0, 

and therefore that the angle between them, the condition 
for perpendicularity, and the equation to the lines through 
the origin which are parallel to the bisectors of the angles 
are those already investigated. 



Examples. IV, c. 

1. ABGD is a quadrilateral, whose sides, taken in order, 
are y = 0, 2y + 3a? = 3, 2y + x = 2, y — x + 1, if AD, BC meet at 
E, AB, DC at F y find the equations to AC, BD, and EF. 

2. If the sides of the quadrilateral are y = 0, 

y + (x — a) tan a = 0, y — b +x tan (a — fi) = 0, y = x tan $ + b : 
find the equations to the three diagonals. 

3. ABCD is a rectangle, P any point (Mb) : straight lines 
are drawn through A, B f C, D, perpendicular to PA, PB, PC, 
PD respectively, shew that two of the diagonals of the quadri- 
lateral so formed are parallel to the sides of the rectangle, and 
that the third is perpendicular to the line joining P to the 
intersection of the other two. 

^^^ • 

Take x -± a, y = * b, as the equations to the sides. 
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4. If on the sides of a triangle, taken in turn as 
diagonals, be constructed parallelograms, the sides of which 
are parallel to two fixed lines, the other diagonals of these 
parallelograms will pass through a point. Take the fixed 
lines y = mx, y + mx = 0. 

. 5. Interpret the equations (i) xy = 0, (ii) x 2 — y 2 = 0, 
(iii) afy^xy*, (iv) A B (x 2 + y*) + (A 2 + B 2 ) xy + Bx + Ay = 0, 
(v) x 2 cos 8 $ - y 2 sin 2 0=p 2 — 2py sin 0, 
(vi) x* + 2x*y-2xy i - V=0, 
(vii) 02-23^-3^ + ^-2^ + 1 = 0, 
(viii) sc 2 - 4xy + Sy 2 - 6y + 9 = 0, 
(ix) ^-4^ +'3^ + 6^-9 = 0, 
(x) 2x 2 -3xy- 2y 2 + 3x - Zy = 9. 

6. Interpret the equations (i) (^-a^ + ft 2 (0»-a 2 ) 2 = O, 
(ii) (r-a) 2 +6 2 (0-a) 2 = O, 

(iii) (r-a) 2 (0-a) 2 + (r-6) 2 (0-£) 2 = O^ 

* mi fic 2 6 2 aV i/ 2 a 2 6V 

7. Theequation- J+?+ -^=|- 8+ ^ + ^ 

represents the sides and diagonals of a parallelogram. 

8. The equation y 2 — 2xy sec a + x 2 = 0, represents two 
straight lines including an angle a. 

9. If ax 2 + by 2 + 2cxy + 2a! x + 26'y + c' = 0, represents two 
parallel straight lines, aft' = a'c, and a'6 = b'c. 

10. The distance of (a^i) from each of two straight lines 
through the origin is 8, shew that the straight lines are repre- 
sented by (xy x — x l yf = 8 2 (x 2 + y 2 ). 

11. If oo 2 + 2Aa?y + by* = and a'a 2 + 2#a^ + &y = 0, repre- 
sent two pairs of straight lines OA, OB and OA\ OB', find the 
conditions (i) that OA may coincide with 0A\ (ii) OA may be 
perpendicular to 0A\ (iii) A0A' = B0B', (iv) AOB = A'OB'. 

12. Find the condition that oas 2 + 2hxy + 5y 2 = 0, may 
represent two straight lines such that one makes the same 
angle with the axis of x that the other does with the axis of y. 



THE STRAIGHT LINE. 61 

1 3. If as? + 2Jixy + btf = c represents two straight lines, 
they must be parallel. 

14. If the general equation of the second degree repre- 
sents two intersecting straight lines, and one of the bisectors 
of the angles between them pass through the origin 

15. If the straight lines represented by the general 
equation be parallel, then h^ — ab, and bg 2 = (if 2 , and the 

distance between the lines is 2 {—. T \ . 

[a (a + b)) 



CHAPTER X. 




THE CIRCLE. EQUATIONS. 

42. To find the equation to a circle we have to express 
by means of an equation the 

condition that the distance of 
a variable point from a fixed 
point is constant. 

Let the variable point P 
be (xy), and, first, let the 
fixed point be the origin, and 
let the radius be d. 

Then, in the figure, 

OM* + PM*=OI» 9 

or a? + y* = d*, 

the equation required. 

This is the form used generally in all questions in 
which only one circle is involved, and in which we are 
at liberty to assume any position for the centre. 

The student should observe that the point whose 
coordinates are d cos 0, d sin is always on this circle. 

43. Let the coordinates of the centre be a, b. 

Let P be the point (x, y), C 
the point (a, b). Draw CL x the 
axis of x y and let CjB be drawn 
parallel to the axis of x to cut 
the ordinate of P in R. 

Then Cfl 2 + RF* = CP 2 , 

but CR=OM-OL = x-a, 

RP = y-b. 

:. the equation is 

(x-a,y+( y -by=<r. 
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This is the most general form of the equation to the 
circle : the student should observe that the straight lines 
which are denoted by x, y in Art. 42, are now denoted by 
x — a, y — b respectively, and therefore that any result 
derived from the special form a? + y* = <P, can be at once 
generalised by writing x — a, y — b, for x and y. 

44. The position of the circle for special values of 
a, b and d should be carefully noted. 

We will give a few cases, in each of which a figure 
should be drawn, and the statements verified. 

If a 2 + b* = cP, the origin is on the circle. 

If a" = d 9 , the circle touches the axis of y, if b* = d 2 , the 
axis of x. 

If a = 0, the centre is on the axis of y. 

If b = 0, the centre is on the axis of x. 

45. To find the condition that the general equation 
of the second degree shall represent a circle. 

Let it be the equation to that circle whose centre is 
the point a, b, and radius d. 

Then it must be identical with (x — a) 2 + (y — ft) 2 = d*> 

or ' ^ + y 2 -2a#-2&y + a 2 + & 2 -d 2 = 0. 

There must therefore be no term in xy t and the coeffi- 
cient of y 2 must be the same as that of x*. 

We may divide by that coefficient, and see that the 
equation 

x* + y* + 2gx+2fy + c = 0, 

is the most general form possible by which a circle can be 
represented. 

g,f, c depend on the position of the centre and the 
radius. 

We can write the equation in the form 
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w hich shew s that the distance of xy from -^, -/ is 
vy +/ 1 - o, (Art. 30). 

~~9> —/ are therefore the coordinates of the centre, and 
the radius is V#* +/ 2 — c. 

46. To find the equation to the circle described 
on a given straight line as 
diameter. 

Let AB be the given 
straight line, and P any 
point on the circle. 

Let PA, PB make an- 
gles 0, ff with the axis of 
x. 

Let the coordinates of A, B f P be (x lf y^, (a? 9 , y,), (x, y) 
respectively and let AP = r, BP = r'. 

Then (Art. 24) x = x x + r cos 0, y = y t + r sin 0. 

Also # = # 2 + r'cos0', y = y 8 + r'sin0'. 

•'• ip - ^)(« - #2) +(y - yj (y - y 8 ) = ^' cos (tf*- 5) 

but 0* — = -4PjB, which is a right angle. (Euc. iii, 31.) 

.-. («-a? 1 )(a?-^) + (y-y 1 )(y-y JI ) = 
is the equation required. 

It is easily seen that this equation does represent a 
circle whose centre is the mid-point of AB and radius 

AB 

-~- ; indeed the above equation might easily have been 

found from these considerations. 

47. To find the polar equation to a circle. 

(i) Let the centre be pole and the radius d, then the 
equation is evidently r = d. 
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(ii) Let the pole S be on the circumference, and let 
the diameter SB make an angle 
a with the initial line 8 A, 

Let the coordinates of P, 
any point on the circle, be r, 0. 
Join BP. 

Then SP^SBcwBSP, 

or r = 2d cob (0 — a), 

the equation required. 

(iii) Let the coordinates of the centre G be I, a. 





S A 

Then, in the triangle 8CP, 

SP*-2SP.SCcoaPSC+SC-CP* = 0, 

or r 8 - 2lr cos (0 - a) + P - d» = 0, 

the equation required. 

N.B. In this equation if r,, r, be the two values, SP, 
SP' of r corresponding to any value of t we know that 

This proves that, if from any point a straight line be 
drawn cutting a circle, the rectangle contained by its seg- 
ments is constant. 

If the pole be within the circle, V<i* and /. r % , r 2 
have opposite signs, that is, they are drawn in opposite 
directions. 



v. o. 
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Examples Discussed. 

i. To find the equation to the circle which passes through 
points whose coordinates are given. 

There are 3 methods by which we may proceed. 

We may assume that the equation to the circle is 

a^fy 8 + 2gx + 2/y + c = 0. 

We may then write down 3 equations in g,f 9 and c by 
substituting the coordinates of the given points for x and y, 
and solve these equations. 

This method is generally tediously long, unless one of the 
given points is the origin, in which case c = 0. 

Or, we may eliminate g,f,c from the equations we have 
obtained. 

This is the best method for the student to adopt, if he is 
familiar with the methods of elimination between linear 
equations, in which case he may probably be able at once to 
write down the result of elimination. 

Or again, we may assume that the coordinates of the centre 
are a and 6, and write down the conditions that the distance 
of (a, b) from the 3 given points is the same. 

This will give two equations for determining a and b, and 
the radius will be the distance between (a, b) and one of the 
given points. 

ii. To find the equation to the chord joining the point 

(d cos a, d sin a), (d cos /?, d sin /?). 
Substitute these values for {x Y y^ (x^/ a ) in the equation 

y («i- «i) - * (y a -yi)=a#i- *&*- 

It becomes, 

y (cos ft — cos a) - x (sin ft — sin a) = d (cos /? sin a - cos a sin ft), 

or 

2a sin— y- cos— j^- + 23/sin-^~sin— ^p =cfsm(a-/?), 

which reduces to 

a + fi . a+P . a-P 



a; cos 



~- + y sin -~- = d cos 
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Examples V. 

1. Determine the radii of the circles denoted by the 
following equations : 

a* + b*~ 

2. Determine the coordinates of the centre, and the radius 
of each of the circles denoted by the following equations : 

a* + y 2 — 2a (x — y) = c 9 , 

8* + y 2 + «# + by = a 2 + ft 2 , 

s 2 + y 2 -3a;-4y+4 = 0, 

x* + y* + 8x + 6y = 0, 

a 2 + y 9 =6a; + 8y + ll, 

a' + y'^a* 

x 2 + y 2 = by> 

x 2 + y i = a(x + a), 

x 2 + y* = ax + by. 

3. Find the equation to the circle whose radius is a, and 
coordinates of the centre a, -a. 

4. To that whose radius is 5a, and coordinates of centre 
3a, 4a. 

5. To that whose radius is c, and coordinates of centre 
b + e, b — c. 

6. To that which passes through the origin and cuts off 
lengths a, b from the axes, on the positive sides. 

7. Find the equations to the circles which pass through 
the origin and the following pairs of points ; (3, 4) and (4, 3) ; 
(3, 4) and (- 4, 3) ; (2, 1) and (- 2, 1) ; (A, k) and (h 9 - k). 

8. Find the equations to the circles which pass through 
the following sets of three points ; (1, 1), (1, - 1), (2, 3) ; 
(2, 3) (- 2, 3), (1, 1) ; (2, 0), (0, - 3), (2, - 3) ; (2, 0), (0, 3), 
<-2,-3). 

5—2 
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9. Find the equations to the circle which passes through 
the points (3, 1), (1, 3) and whose radius is J2. 

10. Find the equations to the two circles which pass 
through the points (4, 0) (—4, 6) and whose radius is 13. 

11. Find the equation to the four circles whose radius is 
*/2a 9 and which cut off chords from each axis equal to 2a. 

12. Find the equation to the circle which passes through 
the origin and cuts off equal lengths a from the lines y — x 7 
x + y = 0. 

1 3. Find the equation to the circle which circumscribes the 
triangle whose sides have for their equations, y = 0, y = fix + b, 



- + | = 1, respectively. 



14. If the circle represented by x* + y 2 + 2gx— 6y = 132 
passes through the point (2, 8) find the value of g and the 
radius. 

15. Find the radius, when the circle represented by 

ai a + y a = 2(x + y) + c 
passes through the point (2, 3). 

16. Find the equation to the circle whose centre is on the 
line 3a; + 4y = 7, and which passes through the points (0, 4) 
(4, 2). 

17. Find the equation to the circle whose centre is the 

X 1/ 

origin, and which cuts off a chord of length 2c from - + j- = 1. 

18. Find the equations to the circles which pass through 
the origin, have their centres on the axis of x, and cut off a 
chord of length 10 from 3x + 4y = 5. 

19. The centre of a circle is on the line - + ^ = 1, its radius 

a o 

is Jo? + 6 s and it cuts off a chord of length 2a from the axis 
of x y find its equation. 

20. Find the equation to the circle whose diameter is the 
common chord of a? + y 8 - 2x - 2y = 2, and x* + y 8 + 2x + 2y - 2, 
and shew that it passes through the centres of each of these 
circles. 
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21. The two circles whose equations are 

as 2 + y* + 2gx+2fy + c = 0, 

^ + ^-2^-2/^ + = 0, 

cannot intersect unless c is negative and then x* + if + c = is 
the equation to the circle on the common chord as diameter. 

22. The equation r* + 2r(A coa6 + Bcos6) + C = always 
represents a circle, provided A* + B* > C. 

23. ABC is an equilateral triangle, the length of a side 
being a, find the equation to its circumscribing circle, (i) when 
the coordinates are rectangular, AB the axis of x and the 
middle point of AB origin, (ii) when A is pole, AB the initial 
line. 



CHAPTER VI. 



CHORDS AND TANGENTS. 



48. We might proceed to find the equation to the 
tangent to a circle at any point from the consideration 
that it is perpendicular to the diameter through that 
point; we will, however, give a definition of a tangent, 
and a method of finding its equation, which will be applic- 
able to all curves. 

Def. Let QPQ' be a curve, P a point on it, Q any 
other point on it; draw the secant QPR; let Q move 




along the curve to P ; then the limiting position of the 
secant QPJR, when Q moves up to and ultimately coincides 
with P, is called the tangent to the curve PQP* at P. 

It is evident that on whichever side of P we take Q, 
for every position of Q there is a definite position of PQ ; 
there must therefore be some position when the point Q is 
neither on one side of P nor on the other, but at P : this 
position is called the tangent at P. 
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49. To find the equation to the tangent at any point of 
a circle. 

Let the point be (#,y,), and the equation to the circle 

<r> + y*=<?... ; (1), 

and first let us find the secant passing through the points 

The equation to the straight line through these points 
has been already found, it is (Art. 22) 

v-y^r^^-**) ( 2 >- 

Now if the points P, Q coincide, x t ^x l ; y % — y t , and 

the fraction — - 1 assumes the indeterminate form ^ . 

x % — x x 

We have not, however, introduced the condition that 
these points should lie on the circle. 

Since x* + y/ = d? = x* + y t * 

" *i-fi y.+yi" 

Substituting in equation (2) we obtain 



x ~4~ x 

y — y, + — — l (x—x t )=*o. 



Now let Q coincide with P, or # t =#!> y 8 = yi> and the 
equation becomes 

y-yi+^(*-*i)=o> 

or yy, + ^ = y/ + «/ = d* : 

^i+yyt = d> 

is therefore the equation required. 

60. To find the points where the tangent cuts the axes. 

Putting y and x successively equal to zero in the 
equation to the tangent, we obtain 

d* d? 
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51. Def. The normal to a curve at any point is the 
perpendicular to the tangent at that point. 

To find the equation to the normal at the point (x^). 

Since the normal is perpendicular to the tangent 

xx t + yy x = d*, 
its equation must be 

(«-*,)&-(#-&)<&, = <); (Art. 26) 

or xy x — yx x = 0. 

The normal therefore passes through the centre. 

52. To find the condition that the line 

Ix + my = 8 

should touch the circle x* + y* = cP. 

The simplest method of finding the condition that a 
straight line should touch a circle is to make the perpen- 
dicular from the centre equal to the radius. 

Now the perpendicular from the origin on Ix + my = 8 

is 

g 8 

vZ a + m* vP + m* \ ■ / 

is the condition required. 

The straight line x cos + y sin 6 = d, of course touches 
the circle, since the perpendicular from the origin is equal 
to d, and it is the simplest form of the equation to take in 
all questions in which the point of contact is not involved. 

The student should always consider carefully before 
beginning any problem whether the coordinates of the 
point of contact are (or are not) involved. 

53. We will give another method of finding this 
condition which is applicable to any curve, and agrees 
with our definition of a tangent. 

If we eliminate y between 

Ix + my «= 8, 
^ + ^ = d", 
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we shall obtain a quadratic in x, the roots of which will 
give us the abscissae of the points where the line cuts the 
circle. 

If the line touch the circle, the points of section must 
coincide, and the roots become equal. 

The equation Ix + my = 8 may be written 

my = 8 — lx. 

Multiply both sides of the equation a? + y* = <P by m 2 
and substitute for y ; 

or (P + m*)a?-28lx + &-mW=0. 

If this equation has equal roots 

W = (Z» + m 9 ) (8 s - m'A 

or «P=(P +!»■)*, 

the condition we obtained before. 

64. To find the length of the tangent drawn from the 
point xy to the circle 




Let PQ be the tangent, then 

PQ > =OP 8 -0<2 8 =a>+y"-d\ 
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Hence that expression which is equal to zero when the 
point (xy) is on the circle, is equal to the square of the 
length of the tangent from (xy) when the point is without 
the circle. 




If the point be within the circle, 

a? + y* — cP is negative, 

its square root is therefore impossible ; this shews that no 
geometrical tangent can be drawn to the circle from a 
point within it. 

55. We saw (Art. 24) that if a straight line make an 
angle with the axis of x and pass through a point (#,&), 
we may write x = x x + r cos 0, y = y l + r sin 0, where r is 
the distance between the points (xy) and (x x y x ). 

Now write these values in the equation to the circle 
and arrange by powers of r ; it becomes 

r' + 2(tf 1 cos0 + y 1 sin0)r+0? 1 9 + y 1 *--cP = O. 

Hence if r 19 r % be the roots of this equation 

r 1 r 2 = a? , + y t — d* 

for all values of : this proves Euc. in. 35 — 37. 
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Examples VI, a. 

1. Write down the equations to the tangents to the circle 

x 2 + y t = <P 
which pass through the points on the circle, 

3 4 

2. Find the equations to the tangents to the circle 

which have the following properties respectively ; 
(i) Make a given angle with the axis of x : 

(ii) Are parallel to j + % = 1 : 

(iii) Are perpendicular to 

Ax + By + C = : 
(iv) Pass through a given point on the axis of y : 
(v) Are at a distance 8 from the point c cos a, c sin a : 
(vi) Cut off a triangle of area a 2 from the axes. 

3. Find the condition that the lines 

Ax + By + C = 0, 
y-y, = («-«i)tMia, 
y = mx + c, 
should touch the circle x* + y* = d\ 

4. Find the values of m when the straight line 

y = mx + 4 
touches the circle x 2 + j/* = 4. 

Find also the points of contact. 

5. Find the relation between I and w, when Ix + my = 1 
touches the circle x 2 + y* = d\ 

6. If lx+my=:d touch a 2 + y a = rf a , then P+ m* = l. 
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7. If lx + 3y=25 touch the circle « 2 + y*=25, find the 
value of L 

8. Find the value of m when my = x - 10 touches the circle 
<e 2 + y a = 25. 

9. Find the value of a when 1 2x + 5y = 1 3 touches the circle 

10. Find the points in which the straight line <c + y = 7 
cuts the circle x* + y 2 = 25. 

11. Write down the equations to the tangents at the 
points found in the preceding question, and shew that the 
straight line joining their intersection to the centre bisects 
the chord joining them orthogonally. 

12. Shew that the equation to the chord joining the 
points (aJi^i)» (^2) on * ne circle sc 2 + y 9 = d a , may be written in 
the form x (a^ + xj + y (y x + y 2 ) = x^+y^ + d % . 

13. Find the point of intersection of the tangents at the 
points (#i3/i) (#22/2)) and shew that the straight line joining this 
point to the centre bisects the chord at right angles. 

14. If T be the point of intersection of tangents to a circle 
at P and Q, whose centre is C, and if GT cut PQ in M, prove 
analytically that CM . CT= CP*. 

56. To find the equation to the tangent to the circle 
whose equation is 

a? + y* + 2gx+2fy + c = 0. 

(i) This equation may be made to depend on those 
already found by writing the equation to the circle in the 
form 

Comparing this equation with a? + f=d', we see that 
the coordinates of the centre are (— g, —f) and the radius 

Hence x + g,y +f in the first equation have the same 
geometrical meaning as x, y in the second, namely the 
intercepts cut off from two fixed lines at right angles 
through the centre by perpendiculars from (xy) on them. 
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Hence the equation required must be 

or xx x + yy l +g(x + x x )-{-f(y + y x ) + c =0. 

(ii) Independent method. 

Suppose (x x y x ), (xj/^) to be two points on the circle. 
The equation 

x* + y 9 + 2gx + 2fy + c = (x-x x )(x-x^ + (y-y x )(y-y 9 ) 

represents a straight line because the quadratic terms are 
the same on both sides. 

It is true at the points (x x y x ), (&£*) ; for the left-hand 
side vanishes since these points are on the circle, and the 
right-hand side vanishes identically. 

It must therefore represent the chord through these 
two points. Now put x =x v y, = y,, the chord becomes 
the tangent at (a^y,), and the equation becomes 

^ + y 2 + 2gx + 2fy+c = (x-x i y + (y-y i y. 

Bring all the terms to the left-hand side, we obtain 

2xx l + 2yy t + 2gx + 2fy-x*-y* + c = Q. 

But x* + y* + 2^ + 2/^ + = 0, 

therefore, substituting for x x + y x and dividing by 2, the 
equation becomes 

Wi + yVi +9 (* + ffi) +/(y + Vi) + c = 0. 

This equation is easily remembered: it is derived from 
the original equation by changing x 2 into xx v y* into yy x , 
2x into x + x x and 2y into y + y v 

57. Suppose the constant term c to be zero, so that 
the circle passes through the origin. 

The equation to the tangent at (0, 0) becomes 

gx+fy = 0. 
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For this is the equation to the straight line through the 

origin perpendicular to f-j| 

which is the equation to the 
radius. 

We might have obtained 
this equation and that of the 
preceding article from the 
consideration that the tan- 
gent at any point meets the 
circle in a point indefinitely 
near the first. 

Suppose P to be the 
point (xy), and POX = 0, 
then the equation to OP is obviously y = x tan 0. 

Let OP = r, then x x = r cos 0, y 1 = r sin 0. 

Substitute these values in the equation to the circle ; 
it becomes 

r* + 2r(gcos0 + fain0) = O, 

a quadratic in r, such that one of the roots vanishes. This 
shews only that the line passes through the origin. 

The other root is real unless gcoB 5+/ sin = 0, in 
which case both roots vanish, P coincides with 0, and the 
chord becomes the tangent, whose equation is therefore 

9 X +fy = 0, as before. 

We can apply the same method to obtain the equation 
to the tangent at x lVl by writing 

x x -f r cos for x, y x 4- r sin for y 

and finding the value of for which both values of r 
vanish. 

The student should work out this on going through 
the subject a second time. 

58. To find the condition that a straight line shall 
touch the circle. We might adopt either of the methods 
in Articles 52, 53, that is we might write down the condi- 
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tion that the perpendicular from the centre is equal to the 
radius, or that the quadratic obtained by eliminating y 
between the two equations shall have equal roots ; we will 
however use another method 
which is not difficult, and has 
many advantages. 

Let the equation to the 
circle be 

a? + y* + 2gx + 2fy + c = 0, (1) 

and let the equation to the 
straight line be reduced to 
the form 

lx + my = l (2). 

Suppose the straight line 
to cut the circle in the points P and Q. 

Then at P and Q both equations are true, and therefore 
a? + y* + 2 (gx + fy) (Ix + my) + c (Ix + myf = 0. . .(3) 
is true also. 

But this equation is a homogeneous quadratic, and there- 
fore represents two straight lines through the origin, which 
must be the lines OP, OQ. Rearrange this equation, it 
becomes 

#*(1 + 2gl + cP) + 2xy(gm+fl+clm) + y* (1 +2/m+cm')=0. 



If the straight line touches 
the circle, P and Q must 
coincide, and therefore OP, OQ 
also. The equation must be 
a perfect square, the condition 
for which is 

(gm + fl + clmf 
=(l+2gl+cl*)(l+2fm+cm*). 
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59. To find the condition that two circles shall cut 
orthogonally. 

Circles are said to cut orthogonally when the angle 
between the tangents at the points of intersection is rignt. 

If this is the case the radius of each circle at a point 
of intersection coincides with the tangent to the other 
circle. 

Hence the radii are at right angles, and therefore 
the square on the distance between the centres is equal 
to the sum of the squares of the radii. 

Now let the equations to the circles be 

a? + y i + 2gx + 2fy + c = 0, 

a? + y* + 2g'x + 2fy + c' = 0. 
The coordinates of the centres being 

~ff> -/; -9> ~f> 
and the squares of the radii # 8 •+-/* — c, ^ /2 +/ /2 — c', 
respectively, the condition is 

or 2gg'+2ff = c+c'. 

60. To find the locus of the middle points of a series 
of parallel chords of a 
circle. 

Let afy' be the coor- 
dinates of any point P, 
xy of any point Q on the 
circle 

x?+ y*+2gx + 2fy+c=0. 

Suppose PQ to make 
an angle 8 with the axis 
of x, and let PQ = r. 

Then we know that 

x = a?'-hr cos 0, y = y / + rsin^, (Art. 24) 

.-. (x +r cos dy + (y 7 * r sin 0)* + 2g (x' + r cos 0) 

+ 2/(y , + rsin^) + c = 0, 
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or r* + 2r {(a/ + flr) cos + (y 7 +/) sin 5} 

+ a* + y" + 2#i?' + 2/^ + = 0. 

Supposing we know of, y[ and 0, this is a quadratic in r, 
the roots of which are the lengths of the portions of the 
chord which is drawn through P to cut the circle. 

Now if P is the middle point of the chord PQ = PQf f 
and these lines are drawn in opposite directions and there- 
fore have opposite signs. 

The values of r being equal and opposite, the coeffi- 
cient of r in the quadratic must vanish. 

Hence if (xy') is any point on the line 

(x + #}cos + (y +/) sin = 0, 

the chord through ofy* which makes an angle with the 
axis of a? is bisected at afy f . 

The equation represents a straight line through 
the centre (— g — /), which is perpendicular to the 
bisected chords, as is evident from geometry. 

61. To find an expression for the rectangle under the 
segments of a chord through a fixed point. 

Take the equation of the preceding article, and let r l% r t 
be the roots of the quadratic. 

Then r x r % = af + y* + 2gx'+ %fy' + c. 

This expression is independent of 0, which shews that 
the rectangle under the segments of any chord through a 
fixed point is constant. 

If the fixed point be without the circle, and r t = r %t 
the expression given becomes the square of the tangent 
from the point to the circle. 

Notice that the power of a point with respect to a 
given circle is the square of the tangent, real or imaginary, 
which can be drawn from that point to the circle. 
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Examples VI, b. 

1. Write down the equations to the tangents at the origin, 
and at the extremities of the diameters through the origin, to 
the following circles : 

x* + y*-3x + ±y = 0; 

x* + y* + 4x-2y = 0; 

X* + y* = OX; 

x?+y*=by; 

sc 2 + y 2 = ax + by. 

2. Prove that the circles and lines whose equations are 
here given touch each other, and find the points of contact in 
each case : 

<c 2 + y s -faa5 + &y = 0, and ax + by + a 2 + b* = ; 

g£ + y*-2ax-2by + & = 0, and«=2a; 

a 2 + y 2 — 2c (x + y) + c 2 = 0, the axes and 

(x — c) cos 0-r(y — c) sin = c ; 

x* + if = ax + by i and ax- by + 6 s = 0. 

3. Find the condition that the straight line 

xcosO + y sinO = p 
should touch the circle as* + y 2 = 2 (ax + 6y). 

4. Find the equations to the tangents which are parallel 
to the axes in the following circles : 

x* + if = ax; 

x* + y*+2by=0; 

x 9 + y 2 + a 2 - 2a (x + y) ; 

x 2 + y 2 - 2ax-2by + a 2 = ; 

(«-A) 2 +(y-*) 2 = a 2 ; 

a 2 + y 2 + 4 =; 4a? — 6y ; 

a? 2 + y 2 + 2y = 2x + 7. 

5. In the circle sc 2 + y 2 = 6a: + 8y, give a? integral values of 
the form 2m, and write down the tangents at the points so 
found. 
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6. Find the values of a when x + y=a touches the circle 

a* 2 + y 2 + 2a;-4y = 3. 

7. Find the values of a, 6, and c when the lines 

a& + 3y = 35, 3o; + 5y=36, 4a>-3y + c = 
touch the circle a? + y 2 = 2a? + 4y + 20. 

8. Find the equations to the circles of radius a, which 
touch the lines x = y, as + y = 0. 

9. The'straight line x + y = c cuts the circle 

x* + y*=2(x+y) 

in P and (), find the value of c (i) when OPQ is an equilateral 
triangle ; (ii) when P and Q coincide. 

10. Find the equation to the lines joining the origin to 

x XI 

the points of intersection of x* + y 2 = Sx + 6y and t + f = s » n d 
hence the value of c when the straight line touches the circle. 



11. Find the equation to the lines joining the origin to 

x y 

6 a 



x %i 

the intersection of x 2 + y 8 - 2m (ax + by) + c = and ^ + - = 1 , 



and the value of m when the line touches the circle. 

« 

12. Find the value of e when the straight line whose 
equation is 5a; + 12y = 150 touches the circle 

as 2 + y 2 - 2x + 4y + e = 0. 

13. Find the equation to the circle which is inscribed in 
the triangle whose sides have for their equations 

x — 0, y = 0, y = (x + a) tan 2a. 

14. Find the relation between g and/, when the straight 
line ax + by = touches the circle x* + y 2 + 2^as + 2/y = 0. 

15. What is the value of g when the straight line 

3a?-3y+2 = 
touches the circle x 2 + y 2 + 2^a: — 4y + 6 = 1 

6—2 
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16. Find the condition that secosa+ysin a=p should 
touch the circle «* + #*+ 2gx + %fy = 0. 

17. The circles a* + y* + 2ax + 25y = 0, 

a£ + y a +2&e + 2ay = 0, 
cut orthogonally. 

18. If- + |=l touch x* + y* + Ax + By + C = 0, 

- i-?*'t*(i*i)K-# 

19. Find the equation to the circle which touches 

Ax + By + C = 
and has its centre at (A, k). 

20. Find the equation to the circle which has its centre 
on the axis of x 9 and cuts as? + y* = 9, 5 (x* + if) = 9a?, ortho- 
gonally. 

21. Find the equation to the circle which passes through 
the points (a, b) f- a, j- J and touches the axis of x. 

22. Prove that the- straight line r cos ($ — a) = a, touches 
the circle r = a at the point a, a. 

23. Prove that the equation to the tangent to 

r = l cos(0-a), 
at the point for which = /}, is 

r<3Os(0+a-2j8) = Jcos*(/J-a). 

24. Find the equation to the tangents to the circle 

r=icos(0-a) 

at the pole, and at the other extremity of the diameter through 
the pole. 

25. Determine the points of contact of those tangents 
to the circle r-l cos (0 — a) which make an angle /? with the 
initial line. 
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62. From a given point tangents are draAim to a circle, 
to find the equation to the straight line passing through the 
points of contact. 

Let h, k be the coordinates of the given point, let x x , y x 
be the coordinates of one point of contact, then the equa- 
tion to the tangent at (ay/,) is 

but, since this passes through (h, Jc)> 

hx x + ky t = <J*. 

Similarly, if x 9 , y % be the coordinates of the other point 
of contact, 

hx t + ky % — cP, 

since (A, k) lies on the tangent through (xj/J. 

Hence, since hx x + ky x = d*, 

hx % + ky % =* <P, 

(*v Vi)> ( x *> y«) satisfy the equation 

hx + ky = cP ; 

this, however, is the equation to a straight line, and since 
it is satisfied by the coordinates of two points, (x x y x ), 
( x *y%)> ^ * s ^ e equation of the straight line which passes 
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through those points : it is therefore the equation to the 
straight line required. 

63. We have seen that when the point (A, k) is with- 
out the circle, the equa- 
tion 

represents the chord of 
contact of tangents 
through (A, k); when 
(A, k) is on the circle, 
the same equation re- 
presents the tangent at 
(A, k); what will then 
this equation represent 
when the point (A, k) is 
within the circle, so that 
no real tangents can be 
drawn through it to the circle ? 

It is still the equation to a straight line, and since 
its form is unchanged 

whatever be the posi- V Q 

tivn of the point (A, k) 
the equation must re- 
present some geome- 
trical facts which are 
independent of that 
position. 

Let P be the point 
(A, k) either without, 
on, or within the circle, 
then the equation to 
OP is 




h"k 



(i); 




.-. (Art. 28), the line 



A# + Ajy = cP 



is perpendicular to OP. 



(2) 
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Again, the distance of the origin from the line (2) is 

(h* + *»)* ' <Axt 20) ' 

Now, 

OP=(h*+tf)*,OL=d; 

therefore if in OP or 
OP produced we take 
a point R such that 

OB : OL :: OL : OP, 

and through R draw 
QRQ perpendicular 
to OP, the equation 
to QRQ' will be 

hx + ky = d". 

QRQ is called the poZar of P : conversely, P is called 
the pole of QRQ. 

The polar of a point may be defined either geometri- 
cally or algebraically. 

Geometrically, thus : let be the centre of a circle, P 
any point, join UP and divide it, produced if necessary, in 
12, so that OR is a third proportional to OP and the 
radius: through R draw a straight line QRQ at right 
angles to OP : this straight line is called the polar of P. 

Conversely, let QQ be any straight line, draw OR 
perpendicular to QQ, and in OR, produced if necessary, 
take a point P such that OP is a third proportional to OR 
and the radius, then P is called the pole of QQ. 

Algebraically: let the coordinates of any point be h, k; 
then the straight line represented by the equation 

hx + ky = d? 

is called the polar of (A, k), with respect to the circle 

a? + y* = cP. 
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Conversely, let the equation to any straight line be 
thrown into the form 

hx + ky as d 9 , 

then (h, k) is the pole of the line. 

Thus ; required the pole of 

a b 
Multiply by d", 

/. — , t , are the coordinates of the pole. 

The student is recommended to pay. particular atten- 
tion to the preceding articles ; there is no part of the sub- 
ject which it is more necessaiy to understand thoroughly. 

64. If Q lies on the polar of P, then the polar of Q 
passes through P. 

Let the coordinates of P be h, k, of Q, x\ y\ then since 
Q is on the polar of P, Q lies on the line 

hx+ky = d* (1), 

.-. hx' + k<if = & % ..(2). 

But the polar of (a/, tf) is 

xaf + yyr = d* (3). 

In this equation if we put a? = A, we get from (2), 
y = k. 

Therefore the point (h, k) lies on the line (3), and 
conversely the line (3) passes through the point (h, k). 

» 

65. Similarly, if the polar of Q passes through P, 
then Q lies on the polar of P. 

Let the coordinates of P be h, Jfc, of Q, a/, y\ then the 
polar of Q is 
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but, since this equation represents a straight line which 
passes through (h, k), 

.*. x\ y'y are the coordinates of a point which satisfies the 
condition 

hx+ ky = d?; 

that is, the point Q lies on the polar of P. 

66. The intersection of two straight lines is the pole 
of the line joining their poles. 

For suppose PQ, PR to be two straight lines, A and 
B their poles. 

The polar of every point on PQ passes through A, and 
therefore the polar of P passes through A, 

Similarly, the polar of P passes through B, that is, 
AB is the polar of P. 

67. To find the polar of any point with respect to the 
circle whose equation is 

a? + y" + 2$ra;+ 2/y +c = 0. 

Let (a/y') be the point. 

Then, just as before, the same equation will represent 
the polar whether aftf is without, on, or within the circle, 
that is whether the points of contact of tangents through 
(xtf ) are real, coincident or imaginary. 

Suppose (x x y^ (&J/J to be these points, then (Art. 56) 
d* t + y'y i + 9 W + *t ) + / (l/ + Vt) + = 0, 

rfx*+y'y 9 +9(rf+x*)+f(y' + yd + c = °- 

Both (#,y,), (a^j) are therefore on the line 

which is therefore the equation required. 
Cor. The polar of the origin is 

ga+fy+e**o. 
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Examples VII, a. 

The first ten questions refer to the circle whose equation is 

a? + y 3 = d*. 

1. Write down the polars of the following points : 

(d,d), {3d, -2d), («,0), (0,-6). 

2. Find the poles of the lines 

x 1/ 

x=*a, y = b. Ax + By + C = 0, - +r = l« 

3. If the pole lie on the circle a? + y 2 =4d 8 , the polar 
touches the circle 

a^ + y^j-. 

4. If the polar touch the circle x* + tf = w 2 cP, the pole is 
on the circle 

« s + ^ a = — • 

5. The pole of y = wkc + c, where w is variable, lies on the 
line cy = <P. 

6. The pole of y — mx + c, where c is variable, lies on the 
line my + x = 0. 

7. The pole of my = x-a, where m is variable, lies on 
the line ax = cP. 

8. The pole of 3as - 4y + e? = k (5a; — 8y + 3c?), where k is 
variable, lies on the line x + y = d. 

X V 

9. If the pole is on the line - + | = 1, the equation to the 

polar may be written in the form 

ax — <£* = m (by — d?). 

10. The straight lines x = h, x = k, cut the circle in 
4, B, C, D respectively : AC, BD intersect in E, AD, BC in 
F; shew that E, F are conjugate points, (i. e.) that the polar of 
each passes through the other. 

11. Write down the polars of (2, 8), (8, 2) with respect to 
the circle a* + y 8 = 25, and verify the theorem that the line 
joining the 2 points is the polar of their intersection of their 
polars. 
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12. A, B, C, D are the points (-5, 0); (0, 5); (4, 3), 
(5, 0) on the circle x* + y" = 25 ; AC, BD intersect in E, AD, 
BG in F, AB, CD in 0, shew that the triangle EFG is such 
that each side is the polar of the intersection of the others. 

N.B. Such triangles are called self -conjugate : this example 
is a special case of a general theorem, which is true HA,B,C,D 
are any points on a circle. 

13. Verify the above theorem, when the circle is the 
same, and the coordinates of the 4 points are (~ 3, - 4), (0, 5), 
(4, 3), (4, - 3) respectively. 

14. The circle whose equation is 

x» + y*-10a;-lly + 24=0 

cuts the axis of x in A, B, and that of y in C, D respectively ; 
AD, BC meet in E; AC, BD in F\ shew that EF is the 
polar of the origin. 

15. Find the polar of (g, f) with respect to each of the 
circles 

x* + y* + 2gz + 2fy = 0, and x* + y % + 2gx + 2/y + c =» 0. 

x y 

16. Find the pole of - + ^ = 1 with respect to the circle 

«* + y* + 2gx + 2/y = 0. 

17. If (a, b) be the pole of Ix + my = 8 with respect to the 
circle 

x 9 + tf + 2gx + 2fy + c = 0, 

.. <* + g b+f ag + bf+c 

then —5 — = = s 

Cm 

18. In the circles 

x* + y*=W, ic , + y 8 -10a?+16=0, 

the centre of each is the polar of the common chord with 
respect to the other. 

19. In the circles 

af + y*^, x* +3^-10^ + 9 = 0, 

if CD be a diameter of either, C is on the polar of D, and D 
on that of C with respect to the other. 
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20. Two circles are such that the polar of the centre of 
each with respect to the other is the same: shew that this 
polar is the common chord of the two, and that they cut 
orthogonally. 

Take the circles as 

c^ + y 9 **?, (s-ay + ^r 8 . 

21. If the circles x* + y 8 = d 8 , (x - of + jf = r 8 , cut 
orthogonally, then if CD be a diameter of either, C is on the 
polar of 2), and D on that of C with respect to the other. 

* LOCI. 

68. We are often required to find the locus of a point 
which moves subject to some given law : no general rule 
can be given for finding the equation to such a locus ; it 
generally however results from elimination between two or 
more equations. 

Sometimes the mere algebraic statement of the question 
as in (i) leads to the equation, more often as in (ii) the 
point is the intersection of two straight lines which involve 
a quantity to be eliminated. 

We will give a few examples. 

The figures are simple, and it will be useful to the student 
to draw them for himself. 

(i) To find the locus of a point the distances of which 
from two given points are in a constant ratio. 

Let 0, A he the two given points, P a point on the locus. 

Take as origin, OA as axis of x ; let OA = a, and let the 
coordinates of P be (#, y) : let OP = mAP. 

Now OP=(x* + y i )i, AP = {(x-a)* + y*}h; 

.\ x* + y* = m* {(x - a)* + y 8 }, 

(1 - m 8 ) (of + y 9 ) + 2am*x - mV = 0. 

The locus is therefore (Art. 45) a circle, of which the 
centre is on the axis of x. 

(ii) To find the locus of the intersection of two straight 
lines, which pass each through a given point and contain a 
given angle. (Of course we know from geometry that this 
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locus is a circle, we will however obtain this result analyti- 
cally.) 

Let A, B be the given points, and let AB = 2a. 

Let P be a point on the locus, and APB = a. 

Take the middle point of AB as origin, AB as axis of x. 

Let AP make an angle $ with the axis of x. 

Then its equation is (Art. 23) 

y=(x-a)t&n$ (1). 

Let BP make an angle <£ with the axis, then its equation is 

y=(aj + a)tan^ (2). 

But -<£ = *; 

tantf — tan<£ 



1 + tan tan <f> 
Now, from (1) and (2), 



= tana. 



tan0=-^-, tan6 = ~ y ; 
x — a x+a 

•• — 7~ i «v i — — *ana« 

• (a^-a'J+y* ' 

.'. as* + y* — 2ay cot a = a 8 , 

the equation to the circle whose centre is on the axis of y at a 
distance a cot a from the origin, and radius a cosec a. 

(iii) ABC is a triangle, P a point such that the sum of its 
distances from the sides is constant ; find the locus of P. 

Let the sum of the distances be c, and the equations to the 
sides 

x cos a + y sin a = jt>, 

x CQ8/3+ ysinP = q 9 

x cos y + y sin y = r. 

Then if (a, y) be the coordinates of P, the distances of P 
from the sides are 

x cos a + y sin a -j?, jc cos j8 + y sin /J — #, x cos y + y sin y — r, 

respectively. 

.*. as(cos a + cos P + cos y) + y (sin a + sin fi + sin y)=jp + # + r +c, 

the equation to a straight line. 

(iv) G is a fixed point, and through C a straight line is 
drawn to cut a fixed circle in P and Q ; find the locus of a 
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point R on this line such that CR is (a) an arithmetic, (/?) a 
geometric, (y) a harmonic mean between CP and CQ. 

Take the centre of the given circle as the origin and let 
its equation be 

o* + y* = cP (1). 

Let CPQ make an angle with the axis of x, and let the 
coordinates of be h, k : then the equation to CQ may be 
written 

^ = ^-J = r,(Art.24) (2), 

cos sin v ' v ' 

where r is the distance between the points (xy) 9 (hk). 

Substituting the values of x and y obtained from equations 
(2) in (1), we obtain a quadratic in r, which gives the lengths 
of CP and CQ. 

Rearranging this quadratic we get 

r a + 2r(Acos0 + Jfcsin0)+A 8 + tf-rf* = O (3). 

If r,, r % be the roots of this quadratic, and (x, y) be now 
the coordinates of R the point in question, and if CR=p ; then, 
since R is on (2), > 

x = h + p cos , y = A; + p sin 0. 

Now, from (3), ^ 

^ + ^ = -2(^0080+^8^0), r^, = h* + *■- d*. 

Then, (a) if p be an arithmetic mean between r, and r,, 

p = ' 9 * = - (A cos + k sin 0) ; 

.'. p* + Ap cos + kp sin = 0, 
or 

(x-hy + (y-k) a + h(x-h) + k(y-k) = 0, 
or a* + y* = Aa; + ky. 

This equation represents the circle on OC as diameter, as 
is evident from geometry. 

(/?) If p be a geometric mean 
between r x and r t , 

p'^V, or (a?- hy+(y-ky=h a +tf-<F. 

Now A* + A;* - d* is the square on 
the tangent from C to the circle, 
hence the equation represents the 
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circle whose centre is 0, and radius the tangent from G to the 
circle. 

(y) If p be a harmonic mean between r, and r 8 , 
2 11 *\+r a 

. ' . K* + 1? - d 8 + ( h cos + k sin ) p = 0, 

hx + ky = <P, 

the polar of C. 

Hence we get this important theorem : if a straight line 
through a point C cut a circle in P, Q and CP, CB, CQ are in 
harmonic progression, the locus of R is a straight line. 

This is sometimes taken as the definition of a polar and 
the theorems of the preceding part of the chapter deduced 
from it. 

All these loci must pass through the points where tangents 
from C meet the circle, since at these points the values of r 
become equal, and therefore their means coincide with those 
equal values. 

Portions of these loci are, however, without the circle, can 
we interpret the equations in these cases 1 

If 6 in (2) have such a value that the line does not meet 
the circle, the values of r x , r a which are the roots of (3) are 
imaginary. 

Their sum and product are, however, real, and so therefore 
their means, and so we arrive at the anomaly of impossible 
points lying on a real line, and being such that the point of 
bisection of the line joining them is real. 

This anomaly arises from the fact that in symbolical 
algebra we can attach a meaning to the impossible roots of 
equations while we are unable to interpret these expressions 
geometrically. 

Our algebra is therefore more general than our geometry. 

69. In treating problems on loci, the choice of axes 
is very important, as the equations which result from the 
statement of the questions may be simple or the reverse 
as appropriate axes are chosen. 



96 ANALYTICAL GEOMETRY. 

If a fixed point is given, it should generally be taken 
as the origin. 

If a straight line of finite length is given, it is best to 
denote it by 2a, and to consider it as the axis of x> the 
origin being the middle point. 

If the origin is otherwise chosen, take the axis of x 
perpendicular to the given line, the equation to which 
may be written # = a. 

If two straight lines inclined at a given angle are 
given, take their point of intersection as the origin, and 
the axes bisecting the supplementary angles between 
them, the lines will then be written in the forms 

y = #tanoc, y = — atana. 

If a circle is involved and it is inconvenient to take 
the centre as origin, it is generally best to take one of the 
axes as passing through the centre, and to use the 
equation 

(a?-a) 8 + y , = cP. 

Polar coordinates are very useful when we have to 
discuss lines drawn from a fixed point: at any point 
in the proof we may substitute r cos 0, r sin for x and y ; 
but if we have to substitute for r, we must be careful to 
square in case the single power r occurs, without having 
sin or cos as a factor. 

Examples VII, b. 

1. The locus of a point, the algebraic sum of whose 
distances from the sides of a given polygon is constant, is a 
straight line. 

2. The locus of a point, the distances of which from two 
fixed straight lines are in a given ratio, is a straight line. 

3. is a fixed point, OPQ a straight line, find the locus 
of Q, when 

(i) OQ = mOP 9 and P moves on a fixed straight line. 

(ii) OQ - mOP, and P moves on a fixed circle. 
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■ 

(iii) OP. OQ is constant, and P moves on a fixed straight 
line. 

(iv) OP . OQ is constant and P moves on a fixed circle 
through 0. 

(v) OP . OQ is constant and P moves on a fixed circle 
which does not pass through 0, 

N.B. If OP . OQ is constant, Q is said to be the inverse 
of P. 

4. ABC is a triangle, the base BC is fixed, and of length 
2a ; find the locus of A, when 

(i) AB a -AC a = a a > 

(ii) AB=2AC 9 

(iii) AB a + AC a = c a 9 

(iv) tan ABC = m tan ACB. 

5. ABC is a fixed triangle, DE a straight line parallel to 
BC, cutting the sides at D and E respectively : if ADP 9 AEP 
are right angles find the locus of P. 

6. In the preceding question, if DPF 9 EPG are drawn 
at right angles to the sides AC, AB respectively, find the locus 
of P. 

7. A, B are two fixed points on the axis of x, C 9 D on that 
of y 9 find the locus of P, when 

(i) &APB + ACPD = a* 9 

(ii) ±APB-&CPB = a a , 

(iii) m*LAPB + nACPD = a a . 

8. ABC is a triangle whose angles are given : if A be 
fixed and B move along a straight line, C moves along another 
straight line. 

9. A y By C, D are fixed points on a straight line : if P be 
a point such that l APB = l CPD 9 find the locus of P. 

10. AB is a given diameter of a circle of which C is the 
centre, DE a chord such that DCE = 2a : AD, BE produced 
intersect in F, shew that the locus of F is a circle. If AE, 
BD intersect in G, the locus of G is also a circle. 

V. G. 7 
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11. Find the locus of a point P, such that its distance 
from x cos a + y sin a=p is a third proportional to a given 
line b, and its distance from (h, k). 

12. If B and C move on two parallel lines, and AB, AC 
be inclined to these lines at angles a, fi respectively, find the 
locus of A y if AB = mAC. 

13. AC B y DCE are two straight lines of fixed length 
which intersect in the middle point of AB : ACB- a, and C 
moves along BE ; if AB meet BE in F, find the locus of F. 

14. ABC is a triangle, BE a straight line parallel to 
BC cutting the sides AB, AC in B, E respectively ; if BE, 
CB intersect in F, find the locus of F. 

15. OA B, OGB are two fixed straight lines ; A, B, C, B 
being fixed points : FAB, PCB are two triangles : shew that 
if mPAB + nPCB = a*, the locus of P is a straight line. 



CHAPTER VIII. 



RADICAL AXES. CO-AXAL CIRCLES. 




70. The locus of a point front which jeqvjal tangents 
can be drawn to two circles is a straight line. 

Let P be a point (xy), and 
^+y a + 2gx + 2fy +c = 
the equation to a circle. 
Then (Art. 61) 
x* + jf+2gx + 2fy + c 

is the square on the tangent 
from P to the circle. 

So if 

x* + f + 2g'x + 2fy + c = 
be the equation to a second circle, 

x* + tf+ 2g'x + 2f'y + c' 
is the square on the tangent from P to it. 
If these tangents are equal we must have 
x 2 + y 2 + 2gx + 2fy + c = x 2 + y 2 + 2g'x + 2f'y + c' 
or 2(g-g')x+2(f-f')y + c-c' = 0. 

But this is the equation to a straight line, which 
proves the proposition. 

This straight line is called the radical axis of the two 
circles. 

7—2 
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Let us denote the expressions 

a» + y a + 2gx + %fy + c, a? + y a + 2^+2/"^ + c 

by $, AT respectively, then the equation to the radical axis 

is S-flT^O. 

If the circles cut one another, 8 and S' are each zero 
at the common points, and therefore the radical axis 
passes through those points. 

In this case, part of the radical axis is within the 
circles as in the figure, and so no 
tangents can be drawn to either 
circle. 

8 and flf are however equal to 
the product of the segments of 
any straight line through a point 
in the chord cutting the circles, 
and so we may extend our defini- 
tion thus. 

If P be a point and two straight lines through P cut 
the circles in Q, R ; Q', B! respectively then if 

PQ.PR = Pq.PR\ 

the locus of P is a straight line called the radical axis. 

If the two circles touch, the radical axis is the common 
tangent at the common point. 

This gives us the easiest test whether two circles 
touch one another. 

Find the equation to the radical axis, and write down * 
the length of the perpendicular from the centre of either 
circle on it. 

If this perpendicular is equal to the radius of the 
corresponding circle, the two circles touch one another. 

71. The radical axis is perpendicular to the line 
joining the centres of the circles. 
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The centres C, (7 are the points (— g, -/) (- gr' — /') 
and therefore the line C(J makes an angle 

tan- 1 ^^ , 

9~9 
with the axis of x. 

Now the radical axis makes 

with the same axis. 

Hence these straight lines are at right angles. 

72. Radical centre. 
Suppose we have a third circle 

S"=x* + y* + 2g"x+2f"x + c" = 0. 

Then the radical axis of 8 = and S' = is 8 = £P. 

Similarly that of S = and flf" = is 8 = fif". 

Therefore at their intersection S'*=&\ which is the 
equation to the radical axis of S' and S". 

The radical axes of three circles taken in pairs there- 
fore intersect in a point. 

This point is called the radical centre of the circles. 

73. Co-axal circles. 

Let 5=0, S' = Q be the equations to two circles 
where 8, S' have the same meanings as before, then 
S + k& = represents a circle which passes through the 
points of intersection, real or imaginary of 8 and S'. 

Circles are said to cut in imaginary points when they 
have no real points of intersection, since in this case the 
algebraic solution of the two equations gives imaginary 
values of x and y. 

These imaginary values satisfy the equations £=0, 
fif' = 0, and therefore #=$' which is the equation to the 
radical axis. 
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Now S + kS' = represents a circle which passes 
through these points real or imaginary, and which there- 
fore has the same radical axis as S = 0, and S' = 0. 

All circles whose equation is 8 + k£T = have therefore 
the same radical axis and are called coaxal circles. 

The student may have found the preceding reasoning 
a little difficult to follow, so we give an alternative proof. 

The equation 

x* + y* + 2gx+2fy + c + k(x* + y*+2g'x+2fy + c') = 

may be written 

, , 2(g + kg / ) 2(f+kf) c + kc' A 

and therefore represents a circle. 

Now the radical axis of this circle and 8 = is 

2gx + 2fy + c = ^^ m + ^I^ 9 + 1 — 

or k(2gx+2fy + c) = k(2g'x + 2f'y + c') 

but this is the equation to the radical axis of S and S'. 

Q. E. D. 

74. Since the radical axis of any pair of coaxal 
circles is perpendicular to the line joining the centres, 
suppose A, B,C to be the centres of three circles which 
have the same radical axis. 

Then since that axis is perpendicular to AB and AG, 
A, B,C are in the same straight line. 

In order to study the properties of coaxal circles, it is 
most convenient to take the line of centres as the axis of 
x, and the radical axis as that of y. 

The general equation reduces to 

x* + y* + 2gx + c = 0. 

There are two cases. 

(i) Let c be positive, then it is the square of the 
tangent from the origin to one of the circles. 
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But since the origin is on the radical axis, the tangents 
from it to all the circles are equal. 

Put c = P, then a? + y* + 2gx + P=0 t where I is the 
same fcfr all circles of the system, but g is variable, will 
represent any circle of a system. The radius of any circle 

is a/</ 2 — l* t from which we see that g > L 

If g 2 =s l\ the radius of the circle vanishes, and the 
circle becomes one of two points on the axis of x, at 
distances I on each side of the origin. 

The points so obtained are called the limiting points 
of the system, and 
may be regarded 
as infinitely small 
circles belonging 
to the system. We 
will discuss the 
system by means 
of a figure. 

Let be the 
origin, take 0L y 
OL' each equal to 
I, on the axis: with 
as centre, OL as 
radius describe a 
circle LEL'. 

Take any point C on the axis of x on OL or OL' 
produced and let 0C=g. 

Draw OE to touch the circle LEL', then the circle 
with centre and radius GE is one of the circles of the 
system. 

For the coordinates of its centre are — g, 0, and the 
radius OE or (g 2 — ?% and its equation is 

x 2 + y 2 + 2gx+P = t 

an equation which, as we have seen, represents a circle of 
the system. 
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We can verify the property of the radical axis very 
easily. Suppose we take any point P on the axis of y, 
and let OP = 6. Let PQ be a tangent from to this 
circle. 

Then the tangent from 0, b to the circle 

a? + jf + 2gx+l* = is V^ + P 

which is independent of g, and therefore the same for all 
circles of the system. 

The equation to the circle whose centre is P and 
radius PQ is 

# a + (y-&) a = & a + P, 
or x* + y*-2by-l* = 0. 

If we put y == in this equation we get x = ± I. 

This circle passes through L and L\ and belongs to 
another system of coaxal circles, which intersect at L, U 
and have the axis of x for their radial axis. 

It is easy to see (Art. 59) that every circle of one 
system cuts every circle of the other orthogonally. 

This is obvious geometrically since PQ which is the 
tangent to one circle is the radius of the other. 

(ii) Let the circles intersect ; then c is negative. 

Since the radical axis is the axis of y, the circles must 
all pass through the same points 
on that axis at equal distances 
from the origin. 

The equation to any of these 
circles will therefore be obtained 
by changing the sign of l\ and will 
be 

a? + y* + 2gx-l* = 0. 

In this case there are no limiting points, as the 
smallest circle of the system is that on the common chord 
as diameter. 
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75. The difference between the squares on the 
tangents from a point to 

two circles is propor- |M p 

tional to the distance 
of the point from the 
radical axis. 




Let the equations to 
the circles be 

a? + y* + 2gx + P = Q, 

a? + if + 2g'x + l 2 = 0, 

so that the radical axis is the axis of y. 

Let P be the point (xy\ PQ, PR the tangents from P. 
Draw PN, PM perpendicular to the axes. 
Then PQ > »*t + y a + 2£* + P 

PR? = a* + y*+2g'x + l 2 
,/. P^-PiP^^-sO*. 
But PM=0N=x 

,\ PQ 8 — PR? is proportional to PM. 

If R and Q are on opposite sides of OM, the equation 
to the circle on which R lies will be 

a? + tf-2g'x + l* = t 

and then we shall have 

PQ a -PiJ»=2((7+50tf. 

In these equations P may be negative, that is the 
circles may cut one another. 



Examples VIII. 

1. Write down the equations to the radical axes of the 
following pairs of circles : 

(i) o* + y* = 9, anda 2 + y 2 + 2rc-3y + 7-0: 

(ii) «* + y 2 = 2ax, and aj 2 + y 8 = 2by : 

(iii) a 2 +y 2 -6aj+10y + 30 = 0, and a a + y 2 -6a; + 8y = 5. 
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2. Shew that the following pairs of circles touch one 
another, and find the point of contact for each pair: 

(i) ar 8 + y 3 = 25, and a^ + y a = 3a;4.4y : 

(ii) x 2 + y 8 = a 2 + b 2 , and a? + t/* + ax+by = 0: 

(iii) x 2 + y 2 = 24sc + lOy, and a* + y* + 1014 = 60a + 25y. 

3. Shew that all circles which have the same constant 
term in their equations have the origin for radical centre. 

4. Find the radical axes and radical centre of the circles 

a a + y a -2aj-4y-l=0, 
rB a + 2/ a -4sc-6y + 5 = 0, 
x 2 + y*-6x-2y = 0. 

5. The radical axis bisects the common tangents to two 
circles. 

6. Find an equation which involves an indeterminate 
constant m, and which will represent all circles which have 
the same radical axis as 

o 2 + y a = 4, x 2 + y 2 + 8 = 6(x + y). 

Find the equation to the smallest of these circles. 

7. The abscissae of the centres of two circles are a lf a 2 and 
the lengths of the tangents from the origin ^, l 2 respectively : 
shew that the radical axis cuts the axis of x at the point for 
which 

^ — 1 2 



x — 



2(o 1 -a 2 )' 



8. A fixed circle is cut by a series of circles, all of which 
pass through two fixed points, shew that the radical centre is 
a fixed point. 

9. Three circles have fixed centres, and their radii are 
r x + p, r 2 + P> r s + Pi where p is variable : shew that their 
radical centre lies on a fixed straight line. 

10. If a series of circles be such that the polar of a fixed 
point with reference to any one of them is a fixed straight 
line, they will have a common radical axis. 
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76. We propose in this chapter to give a short 
account of some methods, with which the student should 
be acquainted, though they are not of the same im- 
portance as the methods of rectangular and polar 
coordinates which we have hitherto used. 

77. Projection. 

Suppose we have any points P, Q, R, 8 in a plane, 
and a straight line AB. 

From P, Q, R y 8 draw 
perpendiculars Pp, Qq, Rr, 
Ss on AB; then p, q, r, s are 
called the projections (or 
more strictly the orthogonal 
projections) of P, Q, R, S 
and pq, qr, rs the projections 
of the lines PQ, QR, R8 on 
AB. 

The convention with regard to sign which we have 
hitherto used, that if a line measured in one direction is 
positive, one measured in the opposite direction is negative, 
applies to projections : thus in the figure, rs is negative. 
If a be the angle between a straight line and its projection 
and I be the length of the line, it is clear that I cos a is 
the length of the projection. In the figure the angle R8 
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makes with its projection is obtuse : the student must be 
careful to take the letters in the proper order: thus in 
the figure the projection of BS is rs and is negative, but 
that of 8R is positive. 

Suppose a point to move from P to S, first along the 
straight line PQ 9 then along 
QR, and finally along RS, 
the projections of its path 
will be pq + qr + rs 

or pq+qr — sr, 

which is that of the line PS. 

The algebraic sum of the 
projections of the several parts 
of a broken line is therefore 
the projection of the line joining the extremities. 

Hence it follows that the projection of a closed figure 
is always zero. 

The method of projection is of much more utility in 
solid than in plane geometry. 

If a figure bounded by straight lines or curves is 
drawn, and from every point in its perimeter perpendi- 
culars are drawn on a plane thus forming another figure : 
the second is said to be the projection of the first 

78. Oblique axes. 

Suppose the angle between the axes OX, 0Y not to 
be a right angle. 

From P draw PM parallel 
to 0Y to cut OX in M, then 
0M, PM are called the ob- 
lique coordinates of P, belong- 
ing to the system OX, 0Y. 

It is obvious that if 0M, 
PM are known, P is known 
also. 

The angle X0 Fis generally 
denoted by w. 




M 
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79. The methods of oblique coordinates generally lead 
to more complicated results than those we have arrived at 
by other methods, and should never be used where the 
magnitudes of angles are involved. 

It is obvious that where an investigation does not 
depend on the value of the angle between two straight 
lines, the results will be the same whatever that angle 
may be, but that any results derived from Euclid I. 47 
will have to be modified if the angle between the axes is 
no longer a right angle. 

We will give a list of the articles which are not altered 
when the axes become oblique, and will discuss the most 
important modifications which have to be made in that 
case. 

80. In chapter J. 
Art. 8 is unaltered. 

In Art. 9 the expression for the area of the triangle 
must be multiplied by sin a>. 

The following must be substituted for Arts. 6, 7. 

To find the distance between the points (##1) (##2) 
when the angle between 
the axes is a>. 

Let 0M,PM, ON, QN 
be the coordinates of P, Q : 
draw PR parallel to OX 
cutting Qiv at -K : then by 
trigonometry 

PQ*=PR? + QR? 

- 2PR . QR cos PPQ, 

but 

P#Q = 0#Q = 7r-a>; 

.\P<y = te-* 2 ) a + (y 1 -y 2 )' 
+ 2^ - x 2 ) {y x - y a ) cos ©. 

Hence, or independently, the distance of(x 1 y 1 ) from the 
origin is 

{#i a + V\ + 2^! cos &}K 
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81. Analysis of chapter II. 

The discussion of points on a locus does not depend on 
the angle between the axes, except in the case of the 
circle on p. 16. 

The proofs and results of Arts. 16, 17, 18, 19, 21, 22, 
are unaltered for oblique coordinates, the lines which are 
perpendicular to the axis of x being now parallel to 
that of y. 

Thus the equation lx+my = d always represents a 
straight line, whose intercepts on the axes are ~j , — 

respectively. 

In this equation if I and m are of the same sign, the 
line makes an angle > to with the axis of x, and < a> if I 
and m are of opposite signs. 

y - y x = y% ~ yi (x - X x ) 

still represents the straight line through (xiy x ) (x# 2 ), 
but ~ — — is no longer the tangent of the angle it makes 
with the axis of x. 

Arts. 20, 23, 24, 25 are completely altered: we will 
discuss the alterations and those in chapters in. and iv. 
when we have finished the enumeration of those articles 
which are unaltered. 

82. The proofs of chapter III. depend almost entirely 
on the axes being rectangular, the only exception being in 
the case of parallel straignt lines. 

83. In chapter IV., the conditions that three points 
may be on the same line, or that three straight lines may 
pass through the same point, do not depend on the angle 
between the axes. 

The equations 

Ix + my — d = k (l'x + m'y - d), ax 7 + 2hxy + by* = 
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have the same meaning as before, and the condition that 
the general equation shall represent two straight lines is 
also unaltered, but the reasoning of the rest of the 
chapter is based on the perpendicularity of certain straight 
lines and is therefore inapplicable to oblique coordinates. 

84. The discussion of the circle depends almost 
entirely on the square of the distance of (coy) from the 
origin being a? + y\ which is not the case when the axes 
are oblique. 

85. We will now discuss the most important theo- 
rems about the straight line and circle when the axes 
are inclined at an angle o>. 

86. To find the angle which the line Ix + my = d makes 
with the axis of x, and 

distance from the origin. 

With the construction 
of Art. 20, A OB being *>, 

sin OAB = sin (tt - 0) 

sin OB A ~~ sin (0 — g>) 

— sin0 

sin (g> — 0) * 
But 

smOAB^OB ^ I 

sin OB A OA m' 

:. m sin = — I sin (a> — 0) = — I (sin g> cos — cos © sin 0), 

, n I sin a) 

•\ tan u = -z . 

I cos © — m 

Again, OD . AB = OA . OB sin a>, each being double the 
area of the triangle AOE. 

But 

OA = ^, 0B = -, and AB>= OA* + 0B*-20A . OB cos o> 
a m 

nr, d sin a) 




(P + m 1 - 2lm cos *>)* ' 
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Just as in article 30, the perpendicular distance of 
(##1) from this line is 

(d — lx x — myi) sin © 

(J 2 +m a — 2bn cos ©)* ' 

In these expressions if we put o> = - , we get the 

corresponding expressions for rectangular coordinates, as 
manifestly ought to be the case. 

87. To find the equation to a straight line in 
terms of the perpen- * 

dicular from the origin, 
and the angles it makes 
with the axis of x. 

Let AB be the 
straight line, OD the 
perpendicular from 0, 
let 0D = p, D0A = a, 
DOB = £, so that 

a + /8 = o>. 

Then OD is the sum 
of the projections of OM, MP on OD. (Art. 77.) 

.\ x cos a + y cos /3 =p is the equation required. 

By making a> = -5 , we get the equation 

a?cosa + ysina=2> 

in rectangular coordinates: this method is easier than 
that given in Art. 25. 

88. It is easy to see from Art. 86, or from an inde- 
pendent investigation, that if the equation to the straight 

line be given in the form y = mx 4- c, ra = -. — 7 ^ 

s * ■ sm(» — 0) 

where is the angle the line makes with the axis of a?, 

and hence that the angle between 

y = mx + c, y — m'x + c' is 

(ra — ra') sin to 




tan 



—1 



1 + ram' H- (ra + ra') cos 00 ' 
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These straight lines are therefore parallel if m = m 
and perpendicular if 1 4- mm! + (m + m') cos co = 0. 

89. To find the equation to the circle in oblique coordi- 
nates. 

Since the distance of. (xy) from the origin and from 
the point (ab) are (a? + y 8 + 2asy cos o>)* 

and {(x - ay + (y - 6) a + 2 (a? - a) (y- b) cos a>}* 

respectively, it follows that the equations 

«" + y 2 + 2#y cos o) = d a , 

(a? - a) 9 + (y - ft) 2 + 2 (x - a) (y - b) cos a> = d 8 , 

represent the circles whose radius is d, and centres the 
origin and the point (a, b) respectively. 

The general equation becomes in this case 
x 2 + 2xy cos a) + y 8 + 2## + 2/y + c = 0. 

The equations to the tangent at (##0 to these circles 
are very rarely used ; the methods of Arts. 49, 56 may be 
employed. 

The equations will be found to be 

xxj + (xy 1 + xy) cos o> + yy x = d* 
and 

m>i + (oyi + ##) cos a> + yyi +g (x + xj +/(y + y x ) + c = 0. 

90. Transformation of coordinates. 

Since the same point may be referred to different 
systems of coordinates, there must be definite relations 
connecting these various systems. 

We will investigate those relations which are most 
practically useful, and then shew how to transform the 
coordinates of a point from any one system to any other. 

91. To change the origin from one point to another, 
the direction of the axes remaining unaltered. 

v. a. 8 
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Let OX, OF be the old axes, O'X', &Y' the new: let 
(x,y), (a',y') be the coordinates of the same point P 
referred to the old and new systems respectively : let h t k 
be the coordinates of the new origin referred to the old 
axes, and therefore 

OA = h i (yA = k,OM = x,PM=y 9 (yM' = x' 9 PM' = y'. 

Y' 



01 



M' 



X' 



M 







r 



Then OM = OA + A M = OA + O'M', 

x = x' + h, 

PM^MM' + PAT^OA + PM\ 

y = i/ + k 

Ex. Transform the equation x* + y 2 = a 2 , by changing 
the origin to the point (a, fi). 

Here x = x' + a, 

y = y'+/3; 

.-. (a/ + a) 2 + (y' + /9) 2 ==a 2 , 
the equation required. 

92. To change the coordinates from one rectangular 
system to another, the origin being unaltered. 

Let P he the point ; x, y, its coordinates referred to 



n 
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the original axes OX, OY; x\ y\ referred to the axes 
OX\ OY ; 

then OM = x,PM = y, ON = x, PN= y ; 

let XOX' = YOY' = 0. 




From tf draw NQ, NR perpendicular to PM, OX, 
respectively ; then NPQ = QNO - NOR = 0. 

.-. OM=OR-RM = OR-NQ=ONcos0-PN'8in0 > 

or x = x' cos — ]f sin ; 

so PM^MQ + QP^RN+QP^OtfamO + PNcoaO, 

or y = x sin + y* cos 0. 

Ex. In the equation 

turn the axes through an angle — 45°. 

The equation becomes 

/^ yV / j^ _ jA 2 _ % 
W2 V«J W2 V2J" a> 



or 



2#'y' = a 8 . 



8—2 
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93. To transform an equation from one rectangular 
system to another, both the origin and the direction of the 
axes being changed. 

First transform the equation to axes through the new 
origin, parallel to the original axes ; next turn these axes 
through the required angle. 

Thus; if h, k be the coordinates of the new origin 
referred to the old axes, the angle between the original 
and final axes of x, we shall have 

x = h + x* cos — y' sin 0, 

y = k + x sin -f- y cos 0. 

In all these transformations attention must be paid to 
the sign of 0. 

The two steps in the transformations should be taken 
separately. 

94. It is obvious that coordinates may be changed 
from any system to any other : we will now give equations 
from which any particular transformation may be effected. 

We will suppose the two systems to have the same 
origin, since we have seen that any system may be trans- 
ferred to parallel axes through the origin (h, k) by simply 
writing of 4- h for x,y' + Jc for y. 

Let Ox, Oy be any axes, P the point x, y, so that 
OM = x,PM = y. 

Through draw any straight 
lines OX, OY at right angles to 
each other ; draw PN perpendicular 
to OX, and let 0N = X, PN= Y. 

Draw MQ, MR perpendicular to 
ON, PN, respectively : let xOX = a, 
yOX = $. 

Then 

X = OQ + QN=OQ+MR = xco8a + yco80; 
so F=#sina + y sin ^8. 

Now if any other axes be drawn through 0, making 
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angles a', ft with OX, and x\ y' be the coordinates of P 
referred to them, we shall have 

X = x' cos a' + y' cos ft, Y=x sin a' + y' sin ft, 

/. a? cos a + y cos ft = x' cos a' + y' cos £', 

x sin a + y sin j3 = a/ sin a' + y' sin /S'. 

By solving these simultaneous equations, we can get 
any pair of the quantities x, y, x'\ y' in terms of the other 
pair. 

Thus if we have to transform from one pair of axes to 
another with the same origin, we shall always have 

x = ax' + by\ y = a'x' -f b'y' y 

where a, b, a', &', depend only on the angles the axes make 
with each other, and not on the position of the point P. 

If the origin, as well as the direction of the axes, 
is changed, these equations will become 

x — ax + by +c,y = o!x' + Vy' + c'. 
Hence we can prove the following important theorem. 

95. The degree of any equation cannot be altered by 
any transformation of coordinates. 

Let lx m y n represent the highest term in any equation : 
let the axes be altered so that 

x = ax' + by' + c, y = a V 4- Vy' + c' ; 
then lx m y n = I (ax + by' + c) m (aV + Vy' + c') n . 

Now there is no term in (ax' + by' + c) m of a higher 
degree in x', y\ than the m* 11 , or in (a'x + b'y' + c') w than 
the n th : hence there is no term in their product of a higher 
degree than the (m + n) th . 

Hence the degree of an equation cannot be raised by 
transformation. Neither can it be lowered, for then it 
could be raised by transforming back again. 

The general equation of the first degree lx + my = d, 
represents therefore one distinct class of lines, the general 
equation of the second degree 

ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0, 

represents another, and so on. 
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Examples IX. 

The axes are inclined at an angle <o, unless otherwise 
given. 

1. A regular hexagon is described, each side being a : if 
two adjacent sides be taken as axes, determine equations to 
the other sides, and the coordinates of the angular points. 

2. Two sides of an equilateral triangle are taken as axes : 
find the equations to the lines which bisect the angles. 

3. ABC is a triangle, AB, AC are the axes : find the 
equations to the straight lines which pass through the angular 
points, and (i) bisect the opposite sides, (ii) are perpendicular 
to the opposite sides. 

4. Find the equations to the straight lines which pass 
through a given point (a, b) and of which the portion between 
the axes is of a fixed length c. 

5. Find the straight lines which pass through the point 
(a, 0), and are perpendicular to the axes. 

6. Find the straight lines which pass through (0, b) and 
make angles a with the axis of x. 

7. Find the straight lines which pass through (0, b) and 
make angles /? with the axis of y. 

8. The straight lines Ax + By + C = 0, A'x + By + C = 0, 
will be perpendicular to each other if 

A A' + BB = (AB' + A'B) cos o>. 

9. The same straight lines will be equally inclined to the 
axis of x in opposite directions if 

B B 

j + -p = 2 cos o). 

10. If the straight lines 

xco8a + ycos/3=p 9 a; cos a +y cos f¥=p f 
have equal portions intercepted between the axes 

p cos a cos /J' = p' cos a cos /?. 
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11. If Ax + By + C = 0, x cos a + y sin a =p, represent the 
same straight line then 

A B -C 

cos a oos /? p 
and 

/> {4 2 + B 2 - 24£ cos (a + P)}* + C sin (a + /8) - 0. 

12. If the straight lines 

x y . x y , 

a o o a 

are perpendicular to each other 

2ab 

COSQ> = 



a 2 + 6 2 ' 

13. The equation 

x 2 + 2xy cos Co + y 2 cos 2co = 

represents two straight lines through the origin which make 
equal angles with the axis of x, and are perpendicular to each 
other. 

14. If the angle between 

x y , x y . ir 
j = — and T , = — } , be ^ - <i), 
Cm I m 2 

then 

(W + rnm') cos o> + (Jm' + J'wi) cos 3 o> * (lm' — Tm) sin* w = 0. 

15. The equations a; — y = 0, as + y = 0, represent the bisec- 
tors of the angles between the axes, whatever the inclination 
of the axes may be. 

16. Find the equation to the circle when the coordinates 
of the centre are (h, k) and the radius is r. 

17. Find the coordinates of the centre and the radius of 
the circle whose equation is 

x* + 2xy cos o> + y 2 + 2gx + 2fy + c = 0. 

18. Find the equation to the circle which passes through 
the origin and the points (a, 0), (0, b) : find also the coordinates 
of the centre and the radius. 

19. If the straight line Ix + my = d touches 

a" + 2xy cos ci> + y 2 = a 9 , 
then a 2 (P + m 2 — 2lm cos a>) = d* sin 2 a>. 
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20. If Ax + By+C = touch 

x* + 2ojy cos o> + y* = kx + %, 
then 

^ 2 # + J J5M + J5% 2 + 2(Ak + £A)tf cos o> = (Ah + ££) C + C* sin 2 o>. 

21. Transform the equations 

a5 + y = 2, sc + y + 2 = 0, x = y 9 x + y = Q, 

by changing the origin to the point (1, 1). 

22. Transform the equations 

x = y, x + y = a, « 2 + y a = a 2 , a 2 — y 2 = a 2 
which are in rectangular coordinates, by turning the axes 

through an angle j • 

x t/ 

23. Transform the equation - + j- = 1, by changing the 

origin to the point (999) & nd then turning the axes through 

an angle 0, such that tan = T . 





24. If in the equation ax 2 + 2hxy + fty 2 = 0, the rectangular 
axes be turned through an angle such that the coefficient of x 2 
is by then that of y is a, and that of xy is unaltered. 

25. If (xy) (x'y) be the coordinates of the same point 
referred to two systems YOX, YOX' such that YOX' = a>, and 
OX, 0Y bisect the angles YOX' and its supplement, then 

*=(« +y)cos2, y=(» -y) sm 2- 

fiu V 2 

Change the equation — 2 - ^ = 1 when 

7'0-T = 2 tan- 1 - . 

a 

26. If two oblique systems have the same origin and axis 
of x y then 

. . sin (a) — cd') . sin co' 

co, co' being the angles between the axes. 



INDEX TO FORMULAE, &c. 
The Point. 

Distance of any point from the origin in terms of the co- 
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ANSWERS. 



. b. p. 8. 

1. V13. 18, 41, 6a, J5b, a. 2. ^2, 7^2, 2^2, 2, 2, 5, 13, 

*Jlt+lW, (a - b) ^2, 10a. 3. (5.5). Q • 1) ' < ' °>« (°- " *)• 

4. Substitute the given coordinates in the expressions ^ ^ , ■ * * , 
2* 2 -^i»2y a -yi. 6. (i)6. (ii)3. (iii) 6. (iv) 2. (v) 14. 

(vi)12. (vii)12. (viii)M-a*. (ix) 2ab. (x) ^-sin(a-/3). 

7. ± 2 {** " *#« + ** » " ^y^ • 
i 

I. d. p. 10. 

1, 0=2' r=a » r 2 <x>s20=a 2 , rsin 2 0=4acos0, r cos (0-a)=p. 
2. *+y=0, a? 2 +2/ 2 =c 2 , a?+y = l, 2xy=a 8 . x i +y*=2ax, a?=a. 

I. e. p. 12. 

1. Give » ^es fro. to 7 in .-.„«. y =«^. 

2. Give n values from to 7 in 

x 2n+l t . 2»+l 

s=asec-cos — 5— x, t/=aseo 5- sin — h — r. 
00 00 
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q in _ /« 

3. 0, 0; a, 0; ^a, ^-a; a, JSa\ 0, ^a; -g, V £-a. 4. R and 

r being the radii of the oircum- and in-circles, the coordinates are 

A t A A 

(1) R sin (7, R cos (7 ; r cot -jr , r ; (2) JR, ^ - C ; r oosec -% , -^ . 

- fcj + fcg *a + *8 Aa o *i + V+^i A^ + fe a + ft, 
°' ~2~ • "2" ' °' 3 ' 8 * 

8. d)f. (2)^- (3) 6 -fa». (4)J(2-V8). (5) ^\ 



II. b. p. 23. 

2. The angles are |, |, 0, 0, j, tan-^-gJ, ia,rr l i -gj, 

ten - 1 ©- ^(i)' ^(-i)* ^(-i)' -"(-i)- 

tan -1 (s) » tan " 2 ( ~ 2) ' tan_1 (2) ' and the len ^ tnfl of tne P 61 !* 11 - 
diculars are 2, 3, 1, 4, 0, 0, 1 in the next 4 lines, and -^ in the 

remainder. 4. in each case is ^ less than the angle given in the 

corresponding answer to question 2. 

II. c. p. 29. 

2. x+y=a + b: kx=hy: x=h: y + k=0: y=x+l: 7x-5y=5: 

x 0+<f> y . $ + </> $-<t> _ /0/ m , 

-cos-y^ + |sm- 2 ^=oos -g-^. 3. N /3(y-2)=a;+l. 

4. y=*« 5. scos a-y sin a =6. 7. ^/2. 8. 3-2^3. 

9. -s . 10. If be the angle required it is given by 

sin a- m cos a 01 © * 

1 • a « fllft + C — & __ _ 

the equation sin 0- tocos 0= . U. o±/9. 

*/3 — 1 4/3 

14. to" cos 0+ar sin d=ab : r (cos 6+ sin 0)=^-— — : rsin0=~-a. 

15. ^=q~^» roos(0-.4)=ccos-4, rcos0=6cos.4, 

d=^-B, r=acotA. 
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m. a. p. 33. 

1. (i) 76°. (U) tan" J. (iii) tan->|. (iv) tan-i^*. 

(v) ^ *?-™7?-l* - (Yi) 2a - 2 - (i) 1,2>8 - (ii) i ,a, s- 

(iii) |, i, -2. (iv) j, i, -1. (t) i. J, -?. (vi) The first two 
are at right angles, the other angles are tan _1 2 + a-^ and its comple- 
ment. 3. y=2a;-4. 4. 3«+4y = 4. 5. | + | + 4=0. 

6. Ax+By=10A t Ax+By=Aa+Bb, Ax + By=0. 

7. y=mx±a>Jl+m\ 8. &r + 7y=15. 9. 2x-3y+8=0. 
10. a? + 2y=5, 2s+y=4. H. Bx=A(y-b). 12. as-fty=a 2 -ft 2 . 
13. ax— by. 14. 2/ooso-a:sina=g. 15. -s/3x+i/=0, ar + ^3y=0. 

16. *=0, y+V3«=0. 17. (a 2 -6 2 )y=(a±ft) 2 (*-a). 

18. (y-ft)tan(a±/3)=:r. 



III. b. p. 39. 
1, 2^2. 2. - /10 • 3. -tta • 4. -£- • 5. 



Vis* °- ^io- » T' •* V^+fc a ' 

c a a -ft» 4fc+B*+C-D c 2 



V^+ft 2 ' ' *Ja*+B* ' /s/^ + fc 2 ' 

9. . 10. aVHm 2 . 11. j-. 

V& 2 + & a (6^ 2 +a^ 2 )t 

/ 2a 2 ft 2abt*\ {D-C)A + {Bh-Ak)B {D-C) B-(Bh-Ak) A 
V^+ft"' a 2 + 6 2 y' ^+B« ' J 2 + B 2 

/_W_ _**_\ thegamepoint ( a\ {a'(6 2 +M)-ft 2 ft 2 }a 2 * 

(6 2 (a 2 +^)-a 2 fc 2 )6 2 /t _ Q _ . ., .. . . . . 

- — lAjfil. 4jfe2 • 13. Treat the equations in pairs as simul- 

.. / , x . 4db 7 3 6 _. 

taneous. 14. (a -ft) no, -^_, -^ -^, g . 16. C. 

.- a 2 2a 2 +5aft + 2ft 2 mflP+(m a + l)aft+iifl» 

1/§ 6 " w ' 6 ' 1U ' 2(l-j» 2 ) " 
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7 a 2 

20. «n • 21. I*t -5 be the given area, y - &=m (x - h) one of the 

lines required, then m is one of the roots of the equation 

(fc-rofc) a +ma a =0. 

22. 4*-3y=l, 3s+4y=7. 23. . U» -gV 24. The points 

are the intersections of the straight lines, y = mx + c±(m? + ly d, 

acoga+yBtoa-p^d. 25. -^5, •±5*+5^±*. 

» *£?■ ^ S** ».^ &•*-»-«• 

28. Bisected. 29. 3y + s=8, y-2=(x-2)tan (| - a J , 

/2ir \ 1 

y - 1 = (x - 5) tan f -^ - o ] , where tan a=- . 30. Take the 

angular points in the order given as A, B, C, D, the equations to the 
sides AB, BC, CD, DA, are ay=2b(x-a), bx=2a(y-b), a(y-b)=2bx, 

XV X 11 

b(x-a)=: 2ay, and to the diagonals A C, BD, - + ~ = 1, - = ?, respectively. 

a o a o 



IV. a. p. 46. 

1. (i) s=|,y=|. (ii) (l-ro)y = (l+ro)a;, (l + m)y + (l-m)x=2c. 

(iii) s=y, 7(s+y) = 10. (iv) &r + ay - db = ± (a* + 0»)* (x - a). 

a + 3 
(v) y=a?tan— ^-, j;(cosa+cosj9)+y (sina + sin0)=2p. 

(vi) J5(x+y-2)=±{x + Sy-4). 

(vii) (a-6)ar=(a + 6)y, (a + 6)o; + (a-&)y = 2a6. 

3. (ac'-a'c)a; + (6c , -&'c)y=0. 4. ^=y. 5. s + y=3. 

6. #=&• 7. (ma+6)y=wia6. 8. 19s=35. 9. 7x-y = 18. 

10. M 2 - 12%) (2 8 «+m 8 y)=d\ {l^n 3 -l s m a ) + d 2 (lini s --l i m l ). 

11. 2* + 3y + 19=0. 12. 13(3s + y) = 58. 13. s + 4y=16. 
14. (ma+6)(ax-6y) = (a-m&)a6. 15.. 16s+8y=35. 

16. «(coso+Xcos)8)+y (sino+\8in/3)=p(l + xy where 

(l+X)2>(l-m)=c{cosa+sina+X(cos0 + sin/8)}. 

17. (i) the origin., (ii) 1,1. (iii) 2,2. (iv) |, |. (v) 0, -c, 
(vi) 2, -1. 19. 5x+9y = 17, &c + 2/ = 13. 20. 7s=9y, x=7y. 
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21. (xcosa + y sina) (a-b)=(p 1 -p i )x + ap i bp x 
(x cos a + y sin o) (a - b)=(p 2 -pj) x+ap x - bp % , 

22. a-fc, b-k, - + |=1, (a-2^)y~(6-2*)x=a*-6ft. 



IV. b. p. 54. 

8' r *- -" (W) 8 



1. (i) f. |. («) 0,0. (Hi) |,0. 2. (i) 1,1. (ii) 0,2. 



,... . 1 ,. , « (, 6 1 ) ma I b 1) 

(m) 1,3. (it) 8t 1+ S^F6 + S?Tlf' T {iS+i + tf+if * 

4. Orthocentre h, — ^ — , centroid 5 , - . 5. Orthooentres 0, ; 

°y °5 !t 1; T-r^i' TZ^Ta5 circumcentres 5 , ; 0, 8; 1,0; the point of 
l + tnr L + mr & & 

intersection of 2y=m(2x-a) and 2(ma+b) (ax-by)=ma*+2ab-mb % . 

6. =TTT»=^Xji ; q»q ; a * w6 » 6 5 {|>eosa + 6(sina+cos 2 a)}, 0. 
ma 4-0 ma+o y y 

2 12 57 

7. 0» 5 > T3 » 5S » tne ^ocntre is determined by the equations 

a lo 26 

4y + 3ar+5 __ 11 + 2 s - 5y _ 7 - 5a; +y 

6 " 7 2 ^ ™~ "" "726~~ " 

8. (i) *+y=*/8-l, x(V8 + l)-y( N /3-l) = 4, y=0, 2(,/3-l), 0. 

(ii) ar=y,72x=2-o;~y, N /2j/ = 2-a;-i/, 2-72,2-^2. (iii) *+y=2, 

3 3 1 3 

3y-*=2,s=l, 1, 1. (iv) y=l, x+y=^, y-x=-^ ^, 1. (v) y=g, 

- «* 12 45 3 /•»,■«. * . a 

7ar+y=24, *-y=y, jj, g. (vi) «(l + cosa)+y sino=0, 

ar(l + cosa)-ysina=0, y=0; 0, 0. 9. — fg — "^ *J5y=y-2x, 

x+y-3 y--2x_ 
"-72~ + - 75"-°- 

IV. c. p. 59. 

1. s + y = l, 2y=a?+l, 3y + 2x=4. 5. (i) the axes, (ii) the 

lines x=dky. (iii) the axes, and x=y. (iv) Ax + By + 1=0, Bx+ Ay =0. 
(v) xcoB6±yBin$= ±p. (vi) x + 2y=0, x=s±,j2y. (vii) s + l = 3y, 
ora:+y + l=0. (viii) The point (6, 8). (ix) x-y=3, or a?-3y+3=0. 
(x) 2s+y-3=0, or x-2y + 3=0. 6. The 4 points for which 

r=dba, 0= ±a ; the point (r, a) ; the points (a, j8), (6, a). 

11. (i) (a&'-a'&) 3 =4(afc'-a'fc)(M>'-fc'&); 

(ii) («i'-6V)«+4(W + a'*)(W+*ra) as 0; (iii)^^=g^. 

12. a =6. 
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V. p. 67. 

1. 3a, 2a, (a' +&*)*. 2. a, -a, (2tf+e»)*; -|, -g, 

^5(g+P) .8 2 ?. a_ a ^ 6.a ^5a. 

2 » 2' '2' ' ' ' *'*' °> 2' * 2' '2' 2' 2' ' 2 ' 

s* 2* 2 ) ' 3# * 2 +y*- 2aa; + 2a y +a2 = - 

4. £ 2 +y 2 =6aa? + 8ay. 5. a^+y 2 +26 2 +c 2 =26(x+y)+2c(ar-y). 

6. a? 2 + y 2 = aa? + 6y. 7. 7(ar 2 +i/ 2 ) = 25(a? + y); x* + y*=ly-x ; 

^+y a =%; h(x*+y*) = (h*+k*)x. 8. * 2 +y 2 -lla;+9=0; 

2(ar 1 + y 2 )-lly + 7=0; a; 2 +y 2 -2tf + 3y=0; 9(x*+y a ) + 21x-y-78=0. 
9. s 3 + y" + 6 = 4 (a? + y), 10. The coordinates of the centres are 

T 9 T 0I "T f "«' 1L ^If 1 **** (***)• 12. &+y*=s/2«y. 

13. /i(x 2 +y 2 -ax + ty) = ay-kr+a&. 14. 0=28, 5*/37. 15. */5. 
16. a; 2 +y 2 = 2(a: + 2/) + 8. 17. (a 2 +6 2 )(a^ + y 2 -c 2 ) = a 2 6 2 f 

19. x*+y*=2by + a*. 20. ar 2 +y 2 =2. 



23 



. ^+^-^ = ^^=2^008(^1). 



VI. a. p. 75. 

1. x=d, Bx-iy=5d t ky-Kx=d?. 2. (i) a; sin a- y cos a= ±ri\ 
where a is the given angle ; (ii) kx + hy=±d (k 2 + ft 2 )* ; 

(iii) Bx-Ay=±d{A*+B*)i; (iv) d[y-b)=±jW^ffx t where (0, 6) 
is the given point; (v) #oos0+y sin 0=d\ where coos(a-d)=d±5; 
(vi) a; cos 0+y sin $=d, where 2d 2 =a 2 sin 20. 3. C*={A*+B*)d*, 

(^sina-^coso^rrd 2 , c 2 =(l + m 2 )d 2 . 4. =*=^3, t-s/3, 1. 

5. tfPfP+mlsl. 7. 2= ±4. 8. m=±v/3. 9. 1. 

10. 4, 3 and 3, 4. 11. 4a? + Sy = 25, 3ar + 4y = 25. 

(a: 2 - arj d 2 (y a - yi) & 



13. 



* a yi-*i y a d^ft-xtf, 



VI. b. p. 82. 

1. 3ar-4y=0 and 3x-4y=25; 2x~y=0 and 2x-y + 10=Q; x=0 
and a;=a; y=Q &ndy = b; ax + by=Q and ax + 6y + a 2 +6 2 =0. 
2. -a, -6; 2a, b; 0, c; c, 0; c(l+cos0), c(l + sin0); 0, b. 
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a 



3. (asin0— &oos0) 2 + 2p(acos0 + &sin0)=j> 2 . 4. y =± 2» x=0, 

x=a; y=O y y + 26=0, x=±b; y«0 or 2a, a:=0 or 2a; y=0 or 26, 
x=a±6; y=*=fca, x=ft±a; y=0or -6, x=5 or -1; y=4 or -2, x=4 
or - 2. 5. The values of # range from - 2 to 8, and the corre- 

sponding values of y are easily obtained by putting the equation in the 
form (#-3) 2 +(y-4) 2 =25; then write the values for x' and y' in the 

equation orx / +yy , = 8 (*+x / )+ 4 (y+y')* 6. 5 or -3. 

77 28ft 

7. «=^<> r -4, 6=4 or fp, c=27or -23. 8. * 2 +y 2 = ±V 2 «* 

and s 2 +y 2 = ±*/2ay. 9. (i) c=3. (ii) c=0 or 4. 

10. c(* a +y a ) = (8* + fy)(f + f) or 6c (a: 2 + y 2 ) = 12a 2 + 25xy + 12y 2 , 

49 1 

which has equal roots if 4 (6c- 12) 2 =25 2 ; c=^ot -jo. 

11. 3p+y 2 -2m(ax+by) (t + - ) + c ( ^ + ~) =0, which has equal roots 

if3OT 2 a 2 6 2 -2ina6(a 2 +6 2 +c) + (a a +c)(6 2 +c)=0. 12. 164. 

2a a 2 

16. iP + 2flf cos a) (jp + 2/ sin a) = (# sin a +/ cos a) 2 . 

19. {A*+B*)((x-h)*+(y-k)*) = (Ah+Bk + C)*. 20. * 2 +y 2 -5s+9=0. 

21. 6(« 2 +y 2 ) = (a 2 +6 2 )y. 24. 0-a=£, r cos (0-a)=Z. 

25. Thevaluesof 0are^ + ^ + |, | + | - j. 



2 



VII. a. p. 90. 

1. a?+y = d, 3a?-2y=d, a«=d 2 , 6y-d*=0. 2. ->0;0, T ; 

a o 

/22J A2J) M At 

~1T> C>^> b' 1L 2o;+%=25, &p+2y= s 25. 

15. 2^+2/y+p 2 +/ 2 =0, 20* + 2/y+0 2 +/ 2 +c=O. 
ag*+bfg-abf bf*+afg-abf 



16. - 



af+bg+ab ' af+bg + ab 



VII. b. p. 96. 

3. (i) a straight line, (ii) circle, (iii) a circle on a diameter through 
perpendicular to the locus of P. (iv) a straight line perpendicular to 

the diameter through 0. (v) a circle. 4. (i) x=^ » 

(ii) 3(« 2 +y 2 +a 2 ) = 10oo?, (iii) * 2 +y 2 =^, (iv) (l+ro)s=(l-m)a. 
V. G. 9 
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5. A straight line. 6. A straight line. 7. Straight lines. 

9. A circle. 11. The circle {x - h)* + (y - k) 2 + b (x oos a + y sin a) = bp. 
12. A straight line parallel to the loci of B and G. 13. A straight 

line. 14. A straight line. 



vni. p. 105. 

1. (i) 2a5-8y + 16=0: (ii) ax=by: (iii) 2y + 35=0. 2. (i) 3, 4: 
(ii) -a, -b: (iii) 24, 10. 4. *+y=3, 4*-2y = l, 2x-4y + 5=0, 

g,^. 6. x*'+y*-4t=m(x*+y* + 8-G{x+y)) t x* + y*=:2(x + y). 



IX. p. 118. 

1. y=0 f x-y=a, x=2a, y=2a, y - x=a, x=0. 0, 0; a, 0; 2a, 0; 

2a, 2a; a, 2a ; 0, a. 2. #=y, x + 2y=a, 2x + y=a, where a is the 

length of a side. 3. With the usual notation in Trigonometry, the 

x i/ 2x 1/ J? 2t/ 
medians are - = £ , — + r=l, - + -^ = 1, and the perpendiculars 
c b e b c b r r 

x + ycosA = bco8A, xcoaA + y=c cob A, x cob B=y cos C. 

4. y - b + m (x - a) = 0, where (6 + ma) 2 = wi 3 c 2 /(l - 2wi cos ta + m 2 ). 

e.^ ^ - _ xsina 

5. s + ycos.4=a, a? + y sec.4=a. 6. y-6=T- 



sin (w±a)* 
7. (y - 6) sin/9 ±a: sin («±/S)=0. 

16. (*-^) a + (y-*) 2 + 2(x-fc)(y-fc)cosw=r 3 . 

17. The coordinates of the centre are 

- (y -/cos w) cosec 2 w, - (/- # cos u) cosec 2 <■> 
and the radius is 

{ (0 a +/ a - 2^008 «) cosec 2 « - c}* 

18. «* + 3/ a + 2ay cob w = ax + by the coordinates and radius are obtained 
as in the preceding question. 

21. x f +t/=0,a/+y'+4==:0 1 x'=y , ,x , +y'+2=0,x'*+y'*+2x' + 2y'+l=0, 

x f *-y*+2(x'-y')=l t y*+2y'=4x' + S. 22. V'= ( >>*=J2> 

x ,2 +y' a =a a , 2*y+a a =0. 23. y'=0. 25. 4a?y=a a +6 a . 
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CAMBRIDGE GREEK AND LATIN TEXTS. 

Aeschylus. By F. A. Paley, M.A., LL.D. 2*. 
Caesar: De Bello 0-allioo. By G. Long, M.A. Is. 6d. 
Cioero: De Seneotute et De Amieitia, et Eplstolaa Select®. 

By Gk Long, TULA. If. 6d. 
Cioeronls Oratlones. In Verrem. By G. Long, M.A. 2*. 6d. 
Euripides. By F. A. Paley, M.A., LL.D. 3 vols. 2*. each. 
Herodotus. By J. G. Blakesley, B.D. 2 vols. 5s. 
Homeri Ilias. I.-XII. By F. A. Paley, M.A. , LL.D. Is. 6<f . 
Horatius. By A. J. Maoleane, M.A. 1*. 6d. 
Juvenal et Persius. By A. J. Macleane, M.A. 1*. 6d. 
Lucretius. By H. A. J. Munro, M.A. 2s. 
Sallusti Crispi Catilina et Jugurtha. By G. Long, M.A. Is. 6d. 
Sophocles. By F. A. Paley, M.A., LL.D. 2s. 6d. 
Terenti Oomoediss. By W. Wagner, Ph.D. 2*. 
Thuoydldes. By J. G. Donaldson, D.D. 2 vols. 4s. 
Virgiliufl. By J. Conington, M.A. 2s. 
Xenophontis Expeditlo Oyri. By J. F. Macmichael, B.A. Is. 6d. 

Novum Testamentum Greece. By F. H. Scrivener, M.A., D.O.L. 
4s. 6d. An edition, with' wide margin for notes, half bound, 12s. Editio 
Major, with additional Readings and References. 7s. 6d. (See page 15.) 

CAMBRIDGE TEXTS WITH NOTES. 

A Selection of the most iMually read of the Qreek and Latin Authors, Annotated for 
Schools, Edited by voeU-knovm Classical Scholars. Fcap. 8w. Is. 6d. each, 
with exceptions. 

* Dr. Paley's vast learning and keen appreciation of the difficulties of 
beginners make his school editions as valuable as they are popular. In 
manyrespects he sets a brilliant example to younger scholars.' — Athenawm. 

' We hold in high value these handy Cambridge texts with Notes/— 
Saturday B&owvo. 

Aeschylus. Prometheus Vinctus. — Septem contra Thebas. — Aga- 
memnon.— Persae.— Bumenides.— Ohoephoroe. By F. A. Paley, M JL, LL. D 

Euripides. Alcestis. — Medea. — Hippolytus. — Hecuba. — Bacchae. 
—Ion. 28.— Orestes.— Phoenisaae.— Troades.— Hercules Purens.— Andro- 
mache. — Iphigenia in Tauris.— Supplices. By F. A. Paley, M.A., LL.D. 

Homer. Iliad. Book I. By F. A. Paley, M.A., LL.D. Is. 

Sophocles. Oedipus Tyrannus. — Oedipus Coloneus. — Antigone. 
— Electra.— Ajax. By F. A. Paley, M.A., LL.D. 

Xenophon. Anabasis. In 6 vols. By J. E. Melhuish, M.A., 
Assistant Classical Master at St. Paul's SchooL 

Hellenics, Book I. By L. D. Dowdall, M.A., B.D. 2s. 

Hellenics, Book II. By L. D. Dowdall, M.A., B.D. 2s. 

Cicero. De Seneotute, De Amieitia, and Epistolffi Select®. By 
Gt. Long, M.A. 

Ovid. Fasti. By F. A. Paley, M.A., LL.D, In 8 vols., 2 books 
in eaoh. 2s. each vol. 



I 



George Bell and Son** 



Ovid. Selections. Axnores, Tristia, Heroides, Metamorphoses. 

By A. J. Manleane, M.A. 
Terence. Andria. — Hauton Timorumenos. — Phormio.—- Adelphoe. 

By Professor Wagner, Ph.D. 
VlrgU. Professor Conington's edition, abridged in 12 vols. 
* The handiest as well as the soundest of modern editions.* 

Saturday Hsvisio: 

PUBLIC SCHOOL SERIES. 

A Series of ClassicalTexts, annotated by well-known Scholars. Cr.8vOi 

Aristophanes. The Peace. By F. A. Paley, MA,, LL.D. 4s. &d* 

The Acharnians. By F. A. Paley, M.A., LL.D. 4s. 6d. 

The Frogs. By F. A. Paley, M.A., LL.D. 4*. 6d. 

Cioero. The Letters to Attious. Bk. L By A. Pretor, M.A. 3rd 
Edition. 4s. 6d. 

Demosthenes de Falsa Legatione. By R. Shilleto, M.A. 7th 

Edition. 6e. 

The Law of Leptinee. By B. W. Beatson, M.A. 8rd 

Edition. 8s. 6d. 

Llvy. Book XXL Edited, with Introduotion, Notes, and Maps, 
by the Rev. L. D. Dowdall, M.A., B.D. 3s. 6d. 

Book XXTT. Edited, &a, by Rev. L. D. Dowdali, MJu, 

B.D. 8s.6d. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Ph.D. 

12th Edition. 8s. W. Cheap Edition, limp doth, 2s. 6d. 

The Phaido. 9th Edition. By W. Wagner, Ph.D. 6s. 6rf. 

The Protagoras. 7th Edition. By W. Wayte, M.A. 4s. 6d. 

The Euthyphro. 8rd Edition. By G. H. Wells, M.A. 3s. 

The Euthydemus. By G. H. Wells, M.A. 4s. 

The Republic. Books I. & II. By G. H. Wells, M. A. 3rd 

Edition. 6s. 6d. 

Plautus. TheAulularia. By W. Wagner, Ph.D. 5th Edition. 4s. (yd. 

The Trinummns. By W. Wagner, Ph.D. 6th Edition. 4s. 6d. 

TheMenaechmei. By W. Wagner, Ph.D. 2nd Edit. 4s. 6d. 

The Mostellaria. By Prof. E. A. Sonnenschein. 5s. 

Sophocles. The Trachiniae. By A. Pretor. M.A. 4s. 6d. 
The Oedipus Tyrannus. By B. H. Kennedy, D.D. 5s. 

Terence. By W. Wagner, Ph.D. 8rd Edition. . 7s. 6d 

Theocritus. By F. A. Paley, M. A., LL.D. 2nd Edition. 4*. 6d. 

Thucydides. Book VI. By T. W. Dougan, M.A., Fellow of St 
John's College, Cambridge. 8s. 64. 



CRITICAL AND ANNOTATED EDITIONS. 

Arlstophanis Oomoediae. By H. A. Holden, T1T1.D. 8vo. 8 vols. 
Notes, Illustrations, and Maps. 23s. 6d. Plays sold separately. 

Cssar's Seventh Campaign in Gaul, B.O. 52. By Bey. W. 0. 
Compton, M.A., Head Master, Dover College. 2nd Edition, with Map 
and Illustrations. Crown 8vo. 4s. 

Calpurnius Siculus. By H. 0. Keene, MJL Grown 8yo. 6f. 
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Catullus. A New Text, with Critical Notes and Introduction 

by Dr. J. P. Postdate. Foolscap 8ro. 3s. 
Oorpufl Foetarum Latinorum. Edited by Walker. 1 vol 8to. 18#. 

Livy. The first five Books. By J. Prendeville. New Edition, 
revised, and the notes in great part rewritten, by J. H. Preese, M.A. 
Books I., II., III., IV., and V. Is. 6d. eaoh. 

Luoan. The Pharsalia. By 0. E. Haskins, MA., and W. E. 

Heitland, M.A. Demy 8vo. 14a 
Lucretius. With Commentary by H. A. J. Mnnro. 4th Edition. 

Vols. I. and II. Introduction, Text, and Notes. 18s. Vol. III. Trans- 

lation. 6s. ^^ 

Ovid. P.OYidiiNasonisHeroideflXIY. By A. Palmer, M.A. 8m 6f. 
— P. Ovidii Nasonis An Amatoria et Amores. By the Bev. 

H. Williams, M.A. 8s. 6d. 

Metamorphoses. BookXIEL By Chas. Haines Eeene, M.A. 



2s.6d. 

Epistolarum ex Ponto Liber Primus. ByO.H.Eeene,M.A. 8#. 



Propertius. Sex Aurelii Fropertii Garmina. By F. A. Faley, M.A., 

LL.D. 8to. 01oth,5c 

■ Sex Properth Elegiarum. Libri IV. Beeensnit A. Palmer, 

Oollegii Saorosanotss et Individual Trinltatis juxta Dnblinnm Socius. 
Foap. 8vo. 3a. 6d. 

Sophocles. The Oedipus Tyrannus. By B. H. Kennedy, D.D. 

Grown 8vo. 8s. 

Thucydldes. The History of the Peloponnesian War. ByBiehard 
Shilleto, M.A. BookL 8ro, 0S.64, BookEL 8vo, 5s. 6d, 



TRANSLATIONS, SELECTIONS, &o. 

Aeschylus. Translated into English Prose by F. A. Paley, M.A., 

LL.D. 2nd Edition. 8vo. 7s. 6d. 

Translated into English Terse by Anna Swanwick. 4th 

Edition. Post8vo. 6s. 

Calpurnius, The Eclogues of. Latin Text and English Verse. 
Translation by E. J. L. Scott, M.A. 3s. 6d. 

Horace. The Odes and Carmen Sfflculare. In English Verse by 

J. Oonington, M.A. 11th edition. Foap. 8vo. 8s. Gd. 

The Satires and Epistles. In English Verse by J. Ooning- 
ton, M.A. 8th edition. 8s. 6d. 

Plato. Gorgias. Translated by E.M. Cope, M.A. 8vo. 2nd Ed. 7s. 

Prudentius, Selections from. Text, with Verse Translation, In- 
troduction, &o., by the Rer. F. St. J. Thackeray. Grown 8vo. 7s. 6d. 

Sophocles. Oedipus Tyrannus. By Dr. Kennedy. Is. 

The Dramas of. Bendered into English Verse by Sir 

George Young, Bart., M.A. 8vo. 12s. 6d. 

Theocritus. In English Verse, by 0. S. Oalverley, M.A. 8rd 

Edition. Grown 8ro. 7s. 6d, 

Translations into English and Latin. By 0. S. Oalverley, M.A. 

Post 8vo. 78. 6d. 

Translations into English, Latin, and Greek. By B.C. Jebb,Litt.D. f 

H. Jackson, Litt.D. t and W. E. Currey, M.A. Second Edition. 8s. 

Folia SUvnlsB, sive EologaB Foetarnm Anglioorum in Latinnm et 
Grsscnm oonverssB. By H. A. Holden, LL.D. 8vo. VoL n. 4s. 6cL 

Sabrinae Corolla in Hortulis Regiae Scholae Salopiensls 
Gontexuerunt Tres Viri Floribns Legendis. Fourth Edition, thoroughly 
Revised and Rearranged. Large peel 8ro. 10s. 6d, 
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LOWER FORM SERIES. 

With Notes and Vocabularies. 
Virgil's .Shield. Book L Abridged from Conington's Edition. 

With Vocabulary by W. F. B. Shilleto. Is. 6d. 

Cesar de Bello Galileo. Books I., II., and EDL With Notes by 

George Long, M.A., and Vocabulary by W. F. B. Shilleto. Is. 6d. each. 
Horace. Book I. Macleane's Edition, with Vocabulary by 
A. H. Dennis. Is. 6d. $ 

Frost. Eologa LatLoss ; or, First Latin Beading-Book, with English 
Notes and a Dictionary. By the late Bey. P. Frost, M.A. New Edition. 
Foap. 8ro. la. 6d. 

A Latin Verse-Book. An Introductory Work on Hexa- 
meters and Pentameters. New Edition. Foap. 8ro. 2s. Key (for Tutors 
only), 5s. 

Analeota Grreoa Minora, with Introductory Sentences, 



English Notes, and a Dictionary. New Edition. Foap. 8vo. 2s. 
Wells. Tales for Latin Prose Composition, With Notes and 

Vocabulary. By G. H. Wells, M.A. 2s. 

Stedman. Latin Vocabularies for Repetition. By A. M. 11 

Stedman, M.A. 2nd Edition, revised. Fcap. 8vo. Is. 6d. 

Easy Latin Passages for Unseen Translation. Foap. 

8to. Is. 6d. 

Greek Testament Selections. 2nd Edition, enlarged, 



with Notes and Vocabulary. Foap. 8yo* 2s. 6d. 

CLASSICAL TABLES. 

Latin Accidence. By the Bey. P. Frost, M.A. If. 

Latin Versification. It. 

Notabilia Qtuedam; or the Principal Tenses of most of the 

Irregular Greek Verbs and Elementary Greek, Latin, and French Con- 
struction. New Edition. Is. 

Richmond Rules for the O vidian Distich, Ac. By J. Tate, MX It. 

The Principles of Latin Syntax. Is. 

Greek Verbs. A Catalogue of Verbs, Irregular and Defective. By 

J. S. Baird, T.O.D. 8th Edition. 2s. 6d. 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. It. 
Homeric Dialect Its Leading Forms and Peculiarities. By J. 8. 

Baird, T.O.D. New Edition, by W. Gk Rutherford, LL.D. Is. 

Greek Accidence. By the Rev. P. Frost, M.A. New Edition. 1*. 
LATIN AND GREEK CLASS-BOOKS. 

See also Lower Form Series. 

Baddeley. Atudlia Latina. A Series of Progressive Latin 
Exercises. By M. J. B. Baddeley* M.A. Foap. 8ro. Part I., Accidence. 
5th Edition. 2s. Part II. 5th Edition. 2s. Key to Part II., 2s. 6d. 

Baker. Latin Prose for London Students. By Arthur Baker, 

M.A. Fcap. 8vo. 2s. 

Church. Latin Prose Lessons. By Prof. Church, M.A. 9th 

Edition. Foap. 8vo. 2s. 6d. 

Collins. Latin Exercises and Grammar Papers. By T. Collins, 

M.A., H. M. of the Latin Sohool, Newport. Salop. 7th Edit. Fcap. 8ro. 
2s. 6d. 

— — Unseen Papers in Latin Prose and Verse. With Ex- 
axnination Questions. Gtb. Edition. Foap. 8ro. 9**6& 
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Collins. Unseen Papers in Greek Prose and Verse, With Ex- 

urination Questions. 3rd Edition. Foap. 8vo. 3s. 

Easy Translations from Nepos, Oaasar, Oloero, Livy, 

&o., for Retranslatlon into Latin. With Notes. 2s. 
Compton. Rudiments of Attlo Oonstruotlon and Idiom. By 

the Rev. W. O. Compton, M.A, Head Master of Dover College. 3a. 

Glapin. A Latin Primer. By Bey. A. 0. Clapin, M.A. 1*. 

Frost. Eclogss Latin©; or, First Latin Beading Book. With 
Notes and Vocabulary by the late Hey. P. Frost, M.A. New Edition. 
Fcap. 8vo. Is. 6d. 

Materials for Latin Prose Composition. By the late Bey. 

P. Frost, M.A. New Edition. Fcap. 8vo. 2s. Key (for Tutors only) 4s. 

Materials for Greek Prose Composition. New Edition. 



Fcap. 8vo. 2s. 3d. Key (for Tutors only), 6s. 
Harkness. A Latin Grammar. By A. Harkness. Post 8vo. 6*. 

Holden. Foliorum Sllvula. Part I. Passages for Translation 
into Latin Elegiac and Heroic Verse. By H. A. Holden, LL.D. 12th Edit. 
Post8vo. 7s. 3d. 

— — — Foliorum Sllvula. Part II. Select Passages for Trans- 
lation into Latin Lyric and Oomio Iambic Verse. 3rd Ed. Post 8ro. 5s. 
Foliorum Centuries. Select Passages for Translation 



into Latin and Greek Prose. 10th Edition. Post8vo. 8s. 
Jebb, Jackson, and Currey. Extracts for Translation in Greek, 
Latin, and English. By B. 0. Jebb, Lite. D., LL.D., H. Jackson, Litt. D., 
and W. E. Currey, M.A. 4s. 6d. 

Key. A Latin Grammar. By T. H. Key, M.A, F.B.S. 6th 

Thousand. Post8vo. 8s. 

A Short Latin Grammar for Schools. 16th Edition. 

Post 8vo. 3s. 6d. 

Mason. Analytical Latin Exercises. By 0. P. Mason, B.A. 

4th Edition. Part I., Is. 3d. Part II., 2s. 6d. 
Nettleship. Passages for Translation into Latin Prose. By 

Prof. H. Nettleship, M.A 3s. Key (for Tutors only), 4s. 6d. 

* The introduction ought to be studied by every teacher.' — Quarixan. 

Paley. Greek Particles and their Combinations according to 
Attic Usage. A Short Treatise. By F. A. Paley, M.A., LL.D. 2s. 3d. 

Penrose. Latin Eleglao Verse, Easy Exercises in. By the Bey. 
J. Penrose. New Edition. 2s. (Key, 3s. 6d.) 

Preston. Greek Verse Composition. By G. Preston, M.A 

5th Edition. Grown 8vo. 4s. 3d. 
Pruen. Latin Examination Papers. Comprising Lower, Middle, 

and Upper School Papers, and a number of Woolwich and Sandhurst 
Standards. By G. Q-. Pruen, M.A. Grown 8vo. 2s. 6d. 

Seager. Faoiliora. An Elementary Latin Book on a new 

principle. By the Bey. J. L. Seager, M.A. 2s. 6d. 

Stedman. First Latin Lessons. By A M. M. -Stedman, M.A. 

Second Edition, enlarged. Grown 8vo. 2s. 

First Latin Reader. With Notes adapted to the Shorter 

Latin Primer and Vocabulary. Grown 8vo. Is. 6d. 

Easy Latin Exercises on the Syntax of the Shorter and 



Revised Latin Primers. With Vocabulary. 3rd Edition. Gr. 8vo. 2s. 3d. 
Notanda Qusedam. Miscellaneous Latin Exercises on 



Common Rules and Idioms. Fcap. 8yo. ls.6d. With vocabulary 2s. 

First Greek Lessons. [In preparation. 

Easy Greek Passages for Unseen Translation. Fcap. 

fiyo. %b. 3d, 
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Stedman. Easy Greek Exercises on Elementary Syntax. 

[In preparation. 

Greek Vocabularies for Repetition. Feap. 8vo. 1*. 6<J. 

Thackeray. Anthologla Graeoa. A Selection of Greek Poetry, 

with Notes. By F. St. John Thackeray. 5th Edition. 16mo. 4t. 6d. 
Anthologla Latlna. A Selection of Latin Poetry, from 

Hearing to Boethins, with Notes. By Eev. F. St. J. Thackeray. 5th Edit. 

Mhno. 4s. 6d. ^_______ 

Donaldson. The Theatre of the Greeks. By J. W. Donaldson, 

D.D. 10th Edition. Post8vo. 5a. 
Keightley. The Mythology of Greece and Italy. By Thomas 

Keightley. 4th Edition. Revised by L. Schmitz, Ph.D., LL.D. 5s. 

Mayor. A Guide to the Choice of Classical Books. By J. B. 

Mayor, M.A. 3rd Edition. Grown 8vo. 4s. 6d. 

Teuffel. A History of Roman Literature. By Prof. W. S. 

TeuffeL 5th Edition, revised by Prof. L. Sohwabe, and translated by 
Prof. Q. 0. W. Ware, of King's College. 2 vols, medium 8vo. 15s. each. 



CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetic for Schools. By 0. Pendlebnry, M.A. 6th Edition, 
with or without answers, 4s. 6dL Or in two parts, 2s. 6d. each. Part 2 con- 
tains the Commercial Arithmetic Key to Part 2, for tutors only, 7s. 6d. net* 

Examples (nearly 8000), without answers, in a separate vol. 8s. 
In use at St. Paul's, Winchester, Wellington, Marlborough, Charterhouse* 
Merchant Taylors', Christ's Hospital, Sherborne, Shrewsbury, &o. too. 
Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4th 

Edition. 6c. 
■uolid. Newly translated from the Greek Text, with Supple- 
mentary Propositions, Chapters on Modern Geometry, and numerous 
Exercises. By Horaoe Deighton, M.A., Head Master of Harrison College, 
Barbados, new Edition, Revised, with Symbols and Abbreviations. 
Grown 8vo. 4s. 6d. Key, for tutors only, 5s. net. 

Book L Is. I Books I. to ITL ... 2s. 6d. 

Books I. and n. ... Is. 6d. | Books in. and IV. Is. 6d. 
Undid. Exercises on Euclid and in Modern Geometry. By 

J. McDowell, M.A. 4th Edition. 6s. 
Elementary Trigonometry. By J. M. Dyer, M.A., and Bev. 
R. H. Whitoombe, M.A., Assistant Masters, Eton College. 2nd Edit 4s. 6d. 

Plane Trigonometry. By Bey. T. G.Yyvyan, M.A. 3rd Edit. 3«. 6U 
Elementary Analytical Geometry. By Bev. T. G. Vyvyan. 

[In the press. 

Geometrical Oonlo Sections. By H. G. Willis, ALA. 6s. 
Goalee. The Elementary Geometry of. By C. Taylor, D.D. 7th 

Edition, revised and enlarged. By 0. Taylor, D.D. 4s. 6d. 
Solid Geometry. By W. S. Aldis, M.A. 4th Edit, revised. 6#. 
Geometrical Optics. By W. S. Aldis, M.A. 3rd Edition, it. 
Rigid Dynamics. By W. 8. Aldis, M.A. 4s. 
Momentary Dynamics. ByW.Garnett,M.A.,D.C.L. 5th Ed. 6s. 
Dynamics. A Treatise on. By W. H. Besant, SoD., F.B.S. 2nd 

Edition. Ids. 6d. 
Heal An Elementary Treatise. By W. Garnett, M.A., D.C.L. 5th 

Edition, revised and enlarged. 4s. 6cL 

Jttementary Physios. Examples in. By W. Gallatlv, M.A. it. 
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Elementary Hydrostatics. By W. H. Besant, ScD., F.B.S. 16th 

Edition. 4s. 6d. Key 5a. 

Hydromechanics. By W. H. Besant, ScD., F.B.8. 6th Edition, 

Parti. Hydrostatics. 5s. 
Elements of Applied Mathematics. By 0. M. Jessop, M.A. 

[In the press. 

Mathematical Examples. By J. M. Dyer, MA.., Eton College; 

and B. Prowde Smith, M.A., Cheltenham College. 6s. 
Mechanics. Problems in Elementary. By W. Walton, M.A. 6#« 
Notes on Roulettes and Glissettes. By W. H. Besant, ScD., 
F.B.S. Sad Edition, enlarged. Grown 8vo. 5s. 

CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students, 
Arithmetic. By Bev.C.Elsee, M.A. Fcap. 8vo. 14th Edit. 9s. to 

By A. Wrigley, M. A. 8*. to 

. ■ A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 7th Edition, revised. By W. P. Gondie, B. A. 2s. 6d. - 
Algebra. By the Bev. 0. Elsee, M.A. 8th Edit. 4s. 
Progressive Course of Examples. By Rev. W. F. 

M , Miohael,M.A., and B. Prowde Smith, M.A. 4th Edition. 8s. 6d. With 

Answers. 4s. 6d. 

Kane Astronomy, An Introduction to. By P. T. Main, M.A. 

6th Edition, revised. 4s. 

Conic Sections treated Geometrically. By W. H. Besant, ScD. 

8th Edition. 4s. 6d. Solution to the Examples. 4s. 

Enunciations and Figures Separately. 1*. 

Statics, Elementary. By Bev. H. Goodwin, D.D. 2nd Edit. 3*. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition, by P. T. Main, M.A. is. 

Analytical Geometry for Schools. By T. G.Vyvyan. 6th Edit. 4*. 6<2. 

Greek Testament, Companion to the. By A C. Barrett, M.A 

5th Edition, revised. Fcap. 8vo. 5s. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. Ck Humphry, B.D. 6th Edition. Fcap. 8vo. 2s. 6d. 

Music, Text-book of. By Professor H. C. Banister. 15th Edition, 
revised. 5s. 

» Concise History of. By Bev. H. G. Bonavia Hunt, 

Mob. Doc. Dublin. 12th Edition, revised. 3s. 6d. 



A R I TH M ETI C, {& ee a ^° the two foregoing Series.) 
Elementary Arithmetic. By Charles Pendlebury, M.A., Senior 
Mathematical Master, St. Paul's School; and W. S. Beard, F.B.G-.S.. 
Assistant Master, Christ's Hospital. With 2500 Examples, Written and 
Oral. Grown 8vo. Is. 6d. With or without Answers. 
Arithmetic, Examination Papers in. Consisting of 140 papers, 
each containing 7 questions. 357 more difficult problems follow. A col- 
lection of recent Pnblio Examination Papers are appended. By 0. 
Pendlebury, M.A. 2s. 6d. Key, for Masters only, 5s. 
Graduated Exercises in Addition (Simple and Compound). By 
W. 8. Beard, 0. S. Department Bochester Mathematical School. Is. Foe 
Candidates for Commercial Certificates and Civil Service Exams. 
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BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinations. 
Collected and Written by J. T. Modhurst, Lecturer on Book-keeping in 
the 0it7 of London College. 2nd Edition. 8s. 

A Text-Book of the Principles and Practice of Book-keeping. 
By Professor A. W. Thomson. B.Sc, Royal Agricultural College, Cirenoes- 
ter. Crown 8ro. 5s. 

Double Entry Elucidated. By B. W. Foster. 14th edition. 

Yoap. 4to. 8s. 6d. 
A New Manual of Book-keeping, combining the Theory and 
Practioe, with Specimens of a set of Books. By Phillip Orellin, Aocount- 
ant. Crown 8vo. 3s. 6d. 

Book-keeping for Teachers and Pupils. By Phillip Crellin. 
Crown 8to. Is. 64. Key, 2s. net. 



GEOMETRY AND EUCLID. 

Euclid. Books L-VI. and part of XL A New Translation. By 

H.Deighton. (Seep. 8.) 
i The Definitions of, with Explanations and Exercises, 

and an Appendix of Exercises on the First Book. By B. Webb, M.A* 

Crown 8to. Is. 6d. 

Book I. With Notes and Exercises for the use of Pre- 



paratory Schools, Ac. By Braithwaite Arnett, M.A. 8vo. 4s. 6d. 

The First Two Books explained to Beginners. By 0. P. 



Mason, B.A. 2nd Edition. Foap. 8yo. 2s. 6d. 

The Enunciations and Figures to Euclid's Elements. By Ber. 

J. Brasse, D.D. New Edition. Foap.8ro. Is. Without the Figures, 64, 

Exercises on Euclid. By J. McDowell, M.A. (See p. 8.) 
Geometrical Conic Sections. By H. G. Willis, M. A. (See p. 8.) 
Geometrical Conic Sections. By W. H. Besant, So.D. (See p. 9.) 
Elementary Geometry of Conies. By 0. Taylor, DJ). (See p. 8.) 
An Introduction to Ancient and Modern Geometry of Conlos. 

By C. Taylor, D.D., Master of St. John's Coll., Oamb. 8vo. 16s. 

An Introduction to Analytical Plane Geometry. By W. P. 

Turnbull, M. A. Sro. 12s. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M. A. 8ro. 16s. 

Trilinear Co-ordinates, and Modern Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, M. A. 8ro. 16s. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 4th Edition revised. Or. 8vo. 6s. 

Elliptic Functions, Elementary Treatise on. By A Cayley, D.Sc 

Demy 8vo. [New Edition Preparing. 

TRIGONOMETRY. 

Trigonometry. By Ber. T. G. Vyyyan. 8s. 6d. (See p. 8.) 

Trigonometry, Elementary. By J. M. Dyer, M.A, and Bey. B. H. 
Whitoombe, M.A., Asst Masters, Eton College. 4s. 6d. (See p. 8.) 

Trigonometry, Examination Papers in. By G. H. Ward* M.A, 
Assistant Master at St. Paul's School. Crown Sro. 2s. 64. 
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MECHANICS ft NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, DJ>. Feap. 8m Sad 

Edition- 3*. 

DynamioB, A Treatise on Elementary. By W. Garnett, M.A., 

D.O.L. 5th Edition. Grown 8vo. 6s. 
DynamioB, Rigid. By W. S. Aldis, M.A. 4*. 

Dynamics, A Treatise on. By W. H. Besant, So.D.,P.B.S. 10«. 6d. 

Elementary Mechanics, Problems in. By W. Walton, MA. New 

Edition, drown 8vo. 6s. 

Theoretical Mechanics, Problems in. By W. Walton, M.A. 8rd 

Edition. Demy 8vo. 16s. 

Structural Mechanics. By B. M. Parkinson, Assoc. M.I.O.E. 

Grown 8vo. 4s. 6d. 

Elementary Mechanics. Stages L and II. By J. 0. Horobin, B.A. 

1*. 6d. each. {Stage UL preparing. 

Theoretical Meohanlcs. Division I. (for Science and Art Ex- 
aminations). By J. 0. Horobin, B.A. Grown 8vo. 2s. 6d. 

Hydrostatics. By W.H. Besant, Sc.D. Cr.8vo. 16th Edit. 4s. &L 
Hydromechanics, A Treatise on. By W. H. Besant, Sc.D., F.B.8. 
8vo. 5th Edition, revised. Part I. Hydrostatics. 5s. 

Hydrodynamics, A Treatise on. Vol. L, 10s. 6d. ; YoL II., 12*. &Z. 
A B. Basset, M.A V F.B.S. 

Hydrodynamics and Sound, An Elementary Treatise on. By 

A. B. Basset, M.A., F.R.8. Demy 8vo. 7s. 6d. 

Physical Optics, A Treatise on. By A. B. Basset, M.A., FJJ.S. 

Demy 8vo. 16s. 

Optics, Geometrical By W. 8. Aldis, MJL Crown 8vo. 4th 
Edition. 4s. 

Double Refraction, A Chapter on Fresnel's Theory of. By W. 8. 

Aldis, M.A. 8vo. 2s. 

Roulettes and Glissettes. By W. H. Besant, ScD., P.R.S. 2nd 

Edition, 5s. 

Heat, An Elementary Treatise on. By W. Garnett, M.A., D.O.L. 

Grown 8vo. 6th Edition. 4s. 6&. 

Elementary Physics, Examples and Examination Papers in. By 

W. Gallatly, M.A. 4s. 

Newton's Prinoipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition. Edited by P. T. Main, M. A, 4s. 

Astronomy, An Introduction to Plane. By P. T. Main, MJL 

Foap. 8vo. cloth. 6th Edition. 4s. 

Mathematical Examples. Pure and Mixed. By J. M.Dyer, M.A. , 

and R. Prowde Smith, M.A. 6s. 

Pore Mathematics and Natural Philosophy, A Compendium of 

Facts and Formula in. By G. R. Smalley. 2nd Edition, revised by 
J. MoDowell, M.A. Fcap. 8vo. 2s. 

Elementary Course of Mathematics. By H. Goodwin, DJ). 

6th Edition. 8vo. 16s. 

A Collection of Examples and Problems in Arithmetic, 
Algebra, Geometry, Logarithms, Trigonometry, Oonic Sections, Mechanics, 
&c, with Answers,, By Rev. A. Wrigley. 20th Thousand. 8s, 6(L 
Key. 10s. 64. 
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FOREIGN CLASSICS. 

A Series for use in School*, vrith English Notes, grammatical and 
explanatory t <**& renderingt of difficult idiomatic expressions. 

Fcap. Qvo. 

Schillers's Wallenstein. By Dr. A. Buohheim. 7th Edit. 5s. 
Or the Lager and Picoolomini, 2s. 6d. Wallenstein's Tod, 2*. dd. 

Maid of Orleans. By Dr. W. Wagner. 3rd Edit. 1*. 6d. 

Maria Stuart By V. Kastner. 3rd Edition. It. 6<f. 

Goethe's Hermann und Dorothea. By E. Bell, M.A., and 
B. WolfeL New Edition, Revised. 1*. 6cL 

German Ballads, from Uhland, Goethe, and Schiller. By 0. h, 
Bielefeld. 5th Edition. U. 6d. 

Charles XII., par Voltaire. By L. Direy. 7th Edition. Is. 6d. 

Aventirres de Telemaque, par Fenelon. By 0. J. Delille. 4th 
Edition. 2s. 6d. 

Select Fables of La Fontaine. By F. E. A.Gaso. 19th Edit. It. 6U 

Plcciola, by X.B. Saintine. By Dr.Dnbno. 16th Thousand. Is. 6d. 

Lamartine's Le Tallleur de Pierres de Saint-Point. By 
J. Boielle, 6th Thousand. Fcap. 8vo. Is. 6d. 



FRENCH CLASS-BOOKS. 

French Grammar for Public Schools. By Boy. A. 0. Olapin, M. A. 

Foap. 8to. 13th Edition. 2a. 6d. Key to Exercises 3s. 6d. 

French Primer. By Rev. A. 0. Clapin, M.A. Fcap. 8vo. 10th Ed. Ui 
Primer of French Philology. By Bey. A. 0. Glapin. Fcap. 8vo» 

6th Edit. Is. 

Le Nouveau Tresor; or, French Student's Companion. By 

M. E. 8. 19th Edition. Foap. 8vo. Is. 3d. 
French Papers for the Prelim. Army Exams. Collected by 

J. F. Davis, D.Lit. 2s. 6d. 

French Examination Papers in Miscellaneous Grammar and 
Idioms. Compiled by A. M. M. Stedman, M.A. 4th Edition, drown 
8vo. 28. 6d. Key. 5s. 

Manual of French Prosody. By Arthur Gosset, M.A. 3s. 

GOMBEBT'S FBENCH DBAMA. 

Being a Selection of the best Tragedies and Comedies of Moliere* 
Racine, Oorneille, and Voltaire. With Arguments and Notes by A* 
Gombert. New Edition* revised by F. B. A Gaso. Foap. 8vo. is. each j 

sewed, 6d. Oohtmttb. 

MoLikBB :— Le Misanthrope. L'Avare. Le Bourgeois Gentilhomme. Le 
Tartuffe. Le Malade Imaginaire. Lea Femmes Savantes. Les Fonrberies 
de Scapin. Les Prepenses Ridicules. L'Eoole dee Femmes. L'Eoole dee 
Maris. Le M&leoin malare* Ltd. 

Racihi :— Phedre. Esther. Athalie. Iphigtfnie. Let Plaidenrs. La 
Thibalde; on, Les Freres Ennemis. Andromaqne. Britannious, 

P. OouraxLU:— LeOid. Horace. Oinna. Polyeuote. 

TouiAiai 1— Zaire. 
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P. B. A. GASO'S FRENCH COURSE. 

First Frenoh Book. Crown 8vo. 116th Thousand. 1*. 

Second Frenoh Book. 52nd Thousand, Foap. 8vo. 1*. 6d. 

Key to First and Second French Books. 5th Edit. Fop. 8vo. 3*. 6<Z. 

Frenoh Fables for Beginners, in Prose, with Index. 16th Thousand. 

12mo. l*.6d. 
Select Fables of La Fontaine. 18th Thousand. Fcap.8vo. l*.6d. 

Hlstoires Amusantes et Instructives. With Notes. 17th Thou- 
sand. Foap. 8vo. 2*. 

Practioal Guide to Modern Frenoh Conversation. 19th Thou- 
sand. Foap. 8to. 1*. 6cL 

French Poetry for the Young. With Notes. 5th Ed. Fcp. 8vo. 8*. 

Materials for Frenoh Prose Composition; or, Selections from 
the best English Prose Writers. 21st Thou*. Foap. 8vo. 3a. Key, 6*. 

Prosateurs Contemporalns. With Notes. 11th Edition, re- 
vised. 12mo. 3s. 6cL 

I*e Petit Compagnon ; a French Talk-Book for Little Children. 

14th Edition. 16mo. 1*. 6d. 

An Improved Modern Pocket Dictionary of the French and 

English Languages. 49th Thousand. 16mo. 2b. Qd. 

Modern French-English and English-French Dictionary. 5th 
Edition, revised. 10a. 6d. In use at Harrow, Rugby, Westminster, 
Shrewsbury, Radley, &c. 

The ABO Tourist's Frenoh Interpreter of all Immediate 

Wants. By F. B. A. Gaso. It. 



GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr. Buohheim. 

14th Edition. Foap. 4s. 6d. Key, Parts I. and IL, 3s. Farts TIL and IV., 
Goethe's Faust. Parti. Text, Hayward's Prose Translation, and 

Notes. Edited by Dr. Buohheim. 6s. 

German. The Candidate's Vade Mecnm. Five Hundred Easy 
Sentenoes and Idioms. By an Army Tutor. Oloth, Is. For Army Jftrams. 

Wortfolge, or Rules and Exercises on the Order of Words In 
German Sentenoes. By Dr. F. Stock. Is. 6d. 

A German Grammar for Public Schools. By the Be?. A. C. 
Olapinand F. Holl Mailer. 6th Edition. Foap. 2s. 6d. 

A German Primer, with Exercises. By Rev. A C. Clapin. 

2nd Edition. Is. 

Kotzebue's Der Gefangene. With Notes by Dr. W. Stromberg. Is. 
German Examination Papers In Grammar and Idiom. By 

B. J. Morion. 2nd Edition. 2s. 6d. Key for Tntors only, 5s. 

Italian Primer. By Bey. A C. Clapin, M.A Foap. 8vo. 1$, 
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ENGLISH OLA38-BOOK3. 

The Elements of the English Language. By E. Adams, Ph.D. 

26th Edition. Revised by J. F. Davis, D. Lit, M.A. PortSvo. 4t.6d. 

The Rudiments of English Grammar and Analysis. By 

E. Adams, Ph.D. 19th Thousand. Fcap. 8vo. It. 

A Oonoise System of Parsing. By L. E. Adams, B.A. 1*. 6d. 

Comparative Grammar and Philology. By A. 0. Price, M.A., 

Assistant Master at Leeds Grammar School. 2s. 6d. 

flxamples for Grammatioal Analysis (Verse and Prose). Se- 
lected, Ac., by F. Edwards. New edition. Cloth, It. 

Questions for Examination In English Literature. With brief 
hints on the study of English. By Professor W. W. Skeat, Litt.D. Grown 
8vo. 2s. 6d. 

Ten Brink's History of English Literature. Vol. I. Early Eng- 
lish Literature (to Wiolif). Translated by H. M. Kennedy. 3s. 6d. 
Vol. II. (Wiclif, Chaucer, Earliest Drama, Renaissance). Translated by 
W. Clarke Robinson, Ph.D. 3s. 6d. 

Notes on Shakespeare's Plays. By T. Duff Barnett, B.A. 
Midstjmmee Night's Dbeam, Is. ; Julius Cabas, Is. ; Hbnrt V., Is. ; 
Tempest, Is. ; Macbeth, Is.; Merchant of Venice, Is.; Hamlet, Is. ; 
Richard II., Is. ; King John Is.; King Lear, Is. ; Ooeiolanus, Is. 



BELLS ENGLISH CLASSICS. 

Edited for use in Schools, with Introduction and Notes. 

Crown 8vo. 

Lamb's Essays. Selected and edited by E. Deighton. 

Byron's Childe Harold. Edited by H. G. Keen©, O.I.E., Hon. 
M.A. Oxon., Fellow of Calcutta Univ., Author of 'Manual of French 
Literature,' Ac. 

Macaulay's Lays of Ancient Borne. Edited by P. Hordern, 
M.A. Oxon, late Director of Public Instruction in Burma. 

Masslnger's A New Way to Pay Old Debts. Edited by E. 

Deighton. 

Burke's Letters on the Regicide Peace. I. and II. Edited by 

H. Gk Eeene, CLE. 
Johnson's Life of Addison. Edited by F. Byland, M.A. 
Johnson's Life of Swift. Edited by F. Byland, M.A. 
Selections from Pope. Edited by E. Deighton. 
Shakespeare's Julius Caesar. Edited by T. Duff Barnett, B.A. 

Lond. 

Shakespeare's Merchant of Venice. Edited by T. Duff Barnett, 
B.A. Lond. 

Shakespeare's Tempest. Edited by T. Duff Barnett, B.A. Lond. 

Browning's Strafford. Edited by E. H. Hickey. With Intror 
Auction by S. R. Gardiner, LL.D. 

Others to follow. 
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GRAMMARS. * 
By 0. P. Mason, Fellow of Univ. Coll. London. 
First Notions of Grammar for Young Learners. Foap. 870. 

75th Thousand. Revised and enlarged. Cloth, la. 

First Steps In English Grammar for Junior Glasses. Demy 

18mo. 54th Thousand. Is. 

Outlines of English Grammar for the Use of Junior Glasses. 

87th Thousand. Grown 8vo. 2a. 

English Grammar, including the Principles of Grammatical 

Analysis. 34th Edition. 143rd Thousand. Grown 870. 8s. 3d. 

Practice and Help in the Analysis of Sentences. 2«. 

A Shorter English Grammar, with copious Exercises. 49th 

to 53rd Thonsand. Grown 8yo. 3s. 64. 

English Grammar Practice, being the Exercises separately. Is. 

Oode Standard Grammars. Parts I. and n., 2d. each. Parts HX, 
IV., and V., 8«L eaoh. 

Notes of Lessons, their Preparation, Ac. By Job6 Biokard, 
Park Lane Board School, Leeds, and A. H. Taylor, Rodley Board 
School, Leeds. 2nd Edition. Grown 8vo. 2s. 6d. 

A Syllabic System of Teaching to Read, combining the advan- 
tages of the * Phonic * and the ' Look-and-Say ' Systems. Grown 8vo. Is. 

Practical Hints on Teaching. By Bev. J. Menet, M.A. 6th Edit. 

revised. Grown 870. paper, 2s. 

Test Lessons in Dictation. 4th 'Edition. Paper cover, It. 6<Z. 



PSYCHOLOGY AND ETHICS. 

The Student's Manual of Psychology and Ethics. By F. By. 

land, M.A., late Scholar of St. John's College, Cambridge. Specially 
adapted for London Examinations. Sixth Edition, with Lists of Books 
for Students, and Examination Papers. 3s. 6d. 

Ethics: An Introductory Manual for University Students. By 
F. Byland, M.A. 3s. 6d 



MUSIC" 

A Text-book of Music. By Henry C. Banister, Professor of 

Harmony, Counterpoint, and Composition, in the Royal Normal College 
and Academy of Music for the Blind in the Guildhall School of Music, 
and in the Royal Academy of Music. 14th Edition. 5s. 

Lectures on Musical Analysis. Embracing Sonata Form, Fugue, 
&c. Illustrated by the Works of the Classical Masters. By H. C. 
Banister. 2nd Edition, revised. 7s. 6d. 

A Concise History of Music, from the Commencement of the 
Christian Era to the present time. For the use of Students. By the 
Rev. H. Gt. Bonavia Hunt, Mus. Doc. Dublin ; Warden of Trinity College, 
London; and Lecturer on Musical History in the same College. 12th 
Edition, revised to date (1893). 3s, 3d. 



16 George Bell and Soruf 



. GEOLOGY. 

Student's Handbook of Physical Geology. By A. J. Jukes- 
Browne, B.A., F.GLS., of the Geological Survey of England and Wales. 
With numerous Diagrams and Illustrations. 2nd Edition, revised and 
much enlarged. 7& 6d. 

' Should be in the hands of every teacher of geology.' 

Journal of Education, 
' A very useful book, dealing with Geology from its physical side.' 

Athenceum. 

Student's Handbook of Historical Geology. By A. J. Jukes- 
Browne, B.A., F.G.S. With numerous Diagrams and Illustrations. 6s. 
* Admirably planned and well executed.'— Journal of Education. 

The Building of the British Isles. By A. J. Jukes-Browne, 
B.A., F.G.S. A Study in Geographical Evolution. With Maps. 2nd 
Edition, revised. 7s. 6d. 

TECHNOLOGICAL HANDBOOKS. 

Edited by Bra EL Tbubman Wood, Secretary of the Society of Arts. 
Dyeing and Tissue Printing. By W. Crookes, FJ&.S. 5*. 

Glass Manufacture. By Henry Chance, M.A.; H. J. Powell, B.A.; 
and H. G. Harris. 8s. 6d. 

Cotton Spinning. By Richard Marsden, o! Manchester. 4th 
Edition, revised. 6s, 6d. 

Chemistry of Coal-Tar Colours. By Prof. Benedikt, and Dr. 

Kneoht of Bradford Technical College. 2nd Edition, enlarged. 6s. 6d. 
Woollen and Worsted Cloth Manufacture. By Professor 

Roberts Beaumont, The Yorkshire College, Leeds. 2nd Edition. 7s. 6d. 
Silk Dyeing. By G. H. Hurst, F.C.S. With numerous coloured 

specimens. 7«. 6d. 
Cotton Weaving. By B. Marsden. [Preparing. 

Bookbinding. By J. W. Zaehnsdorf , with eight plates and many 
illustrations. 5s. 

Printing. By C. T. Jacobi, Manager of the Chiswick Press. 5*. 

Plumbing. By S. Stevens Hellyer. 5*. 

Soap Manufacture. By W. Lawrence Gadd, F.I.C., F.C.S. 5*. 

BELL'S AGRICULTURAL SERIES. 

The Farm and the Dairy. By Prof. Sheldon. 2*. 6<Z. 
Soils and their Properties. By Dr. Fream. 2*. 6d. 
The Diseases of Crops. By Dr. Griffiths. 2s. 6d. 
Manures and their Uses. By Dr. Griffiths. 2*. &d. 
Tillage and Implements. By Prof. W. J. Maiden. 2s. 6d. 
Fruit Culture. By J. Cheal, F.R.H.S. 2s. 6d. 



Specially suitable for Agricultural Classes. 
Practical Dairy Farming. By Prof. Sheldon. Reprinted from 

' The Farm and the Dairy.* Illustrated. Is. 

Practical Fruit Growing. By J. Cheal, F.B.H.S. |teprintec| 
from * Fruit Culture/ Illustrated. 1«. 
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HISTORY. 

Modern Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 

oontinued. 5 vols. Demy 8^0. 2l.12a.6d. 

The Decline of the Roman Republic By G. Long. 5 vols. 
870. 5s. each. 

Select Historical Documents of the Middle Ages. Collected 
and Translated by Ernest F. Henderson, Ph.D. Small post 8vo. *s. 

The Intermediate History of England. For Army and Civil 
Servioe Candidates. By H. F. Wright, MJL, LL.M. Grown 8vo. 6s. 

Historical Maps of England. By 0. H. Pearson. Folio. 3rd 

Edition re vised. 81a. 0d. 

England in the Fifteenth Century. By the late Rev. W. 

Denton, M.A. Demy 8vo. 12s. 

History of England, 1800-46. By Harriet Martineau, with new 

and oopions Index. 5 vols. 8s. 6d. each. 

A Practical Synopsis of English History. By A Bowes. 9th 

Edition, revised. 8vo. Is. 

Lives of the Queens of England. By A Strickland. Library 
Edition, 8 vols. 7a. 6d. each. Cheaper Edition, 8 vols. 5s. each. Abridged 
Edition, 1 vol. 6s. 6d. Mary Queen of Soots, 2 vols. 6a. each. Tudor and 
Stuart Princesses, 5a. 

History and Geography Examination Papers. Compiled by 
0. H. Spence, M.A., Clifton College. Grown 8vo. 2s. 6& 

For other Historical Books, see Catalogue of Bohn's Libraries, sent free on 

application. 



DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of the 

English Language. Inducting Scientific, Technical, 
and Biblical Words and Terms, with their Signi- 
fications, Pronunciations, Etymologies, Alternative 
Spellings, Derivations, Synonyms, and numerous 
illustrative Quotations, with various valuable literary I WEBSTER'S 
Appendices and 83 extra pages of Illustrations grouped I INTERNATIONAL 
and classified, rendering the work a Couplets V rttrmroaA-av 

LlTERART AND SCIENTIFIC REFEBENCE-BOOK. New \ Vl^lLVNAKWj 

Edition (1890). Thoroughly revised and enlarged 

under the supervision of Noah Porter, D.D., LL.D. 

1 vol. (2118 pages, 3500 woodcuts), 4to. cloth, Sis. 6d. ; half calf, 21. 2s. j 

half russia, 21. 5s. ; calf, 21. 8s. ; full sheep with patent marginal Index, 

21. 8s. ; or in 2 vols, cloth, 11. 14s. ; half russia, 21. 18s. 

Prospectuses, with specimen pages, sent free on application. 

KLuge's Etymological Dictionary of the German Language. 
Translated from the 4th German edition by J. 7. Davis, D.Lit., M.A* 
(Lond.). Crown 4to. half buckram, 18s. 

Dictionary of the French and English Languages. By 

7. B. A Gaso. 5th Edition, Revised and Enlarged. Demy 8vo. 10s. 6d. 
I* tjsb at Harrow, Rugby, Shrewsbury, Ac. 

Pocket Dictionary of the French and English Languages 
By F. E. A. Gasc 49th Thousand. 16mo. Cloth, 2s. 6d. 
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DIVINITY. 

By the late Buy. P. H. Bobivbnbb, A. 21, LL.D., D.GJj. 
Novum Testamentum Grace. Bditio major. Being an enlarged 

Edition, containing the Headings of Bishop Westoott and Dr. Hort, and 
those adopted by the Revisers, *o. 7s. 6d. {For other Editions Me pay* 3.) 

A Plain Introduction to the Criticism of the New Testament 

With Forty Facsimiles from Ancient Manuscripts. 4th Edition, revised 
by Rev. E. Miller, M.A. 8vo. [In the press. 

Codex Bern Oantabrlglensls. 4to. 10s. 6d. 



The New Testament for English Readers. By the late H. Alford, 

D.D. Vol. I. Fart I. 3rd Edit. 12s. VoL I. Fart II. 2nd Edit. 10*.6d. 
VoL II. Part 1. 2nd Edit. 16s. Vol. n. Part II. 2nd Edit. 16s. 

The Greek Testament By the late H. Alford, D J). VoL I. 7th 

Edit. 11. 8a. Vol. II. 8th Edit. 11. 4a. Vol. HI. 10th Edit 18s. Vol. IV. 
Fart 1. 5th Edit. 18s. Vol. IV. Part II. 10th Edit. 14s. VoL IV. 11. 12*. 

Companion to the Greek Testament By A. 0. Barrett, M.A. 

5th Edition* revised. Fcap. 8vo. 5s. 
Guide to the Textual Criticism of the -New Testament, By 

Eev. E. Miller, M.A. Grown 8vo. 4s. 

The Book of Psalms. A New Translation, with Introductions, <ko. 
By the Bt. Rev. J. J. Stewart Perowne, D.D., Bishop of Worcester. 8ro. 
Vol. 1. 8th Edition, 18a. Vol. II. 8th Edit. 16s. 

— Abridged for Schools. 7th Edition. Crown 8vo. 10s. M. 
History of the Articles of Religion. By C. H. Hardwiok. 3rd 

Edition. Post8vo. 5s. 

History of the Creeds. By Bev. Professor Lumby, D.D. 3rd 
Edition. Grown 8vo. 7s. 6d. 

Pearson on the Creed. Carefully printed from an early edition. 

With Analysis and Index by E. Walford, M.A. PostSvo. 5s. 

Liturgies and Offices of the Church, for the Use of English 
Readers, in Illustration of the Book of Common Prayer. By the Rev. 
Edward Burbidge, M.A. Grown 8vo. 9s. 

An Historical and Explanatory Treatise on the Book of 

Common Prayer. By Rev. W. G. Humphry, B.D. 6th Edition, enlarged. 
Small Post 8vo. 2s. 6d. ; Cheap Edition, Is. 

A Commentary on the Gospels, Epistles, and Acts of the 

Apostles. By Rev. W.Denton, A.M. New Edition. 7 vols. 8m 9s. each. 
Notes on the Catechism. By Bt Bev. Bishop Barry. 9th Edit. 

Poap. 2s. 

The Wlnton Church Cateohlst Questions and Answers on the 
Teaching of the Ohuroh Catechism. By the late Rev. J. S. B. MonseU, 
LL.D. 4th Edition. Cloth, 8m or in Four Parts, sewed. 

The Ohuroh Teacher's Manual of Christian Instruction. By 

Rev. M. F. Sadler. 43rd Thousand. 2s. 64. 
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BOOK8 FOR YOUNQ READERS. 

A Series oflUading Books designed to/a^itaUthe acquisition of the power 
of Reading by very young Children. In 10 vols. cloth t fid. each. 

Those with an asterisk have a Frontispiece or other Illustrations. 

♦The Old Boathouse. Bell and Fan; or, A Gold Dip. 
*Tot and the Gat A Bit of Cake, The Jay. The 

Black Hen'g Nest Tom and Ned. Mrs. Bee. \ Suitable 

♦The Oat and the Hen. Sam and hia Dog Redleg. ) T J f °l. a 

Bob and Tom Lee. A Wreck. . -~. — ■> [Infants. 

♦The New-born Lamb. The Rosewood Box. Poor 
Fan. Sheep Dog. 

♦The Two Parrots. A Tale of the Jubilee. By M. B. 

Wintle. 9 Illustrations. 

♦The Story of Three Monkeyi. 

♦Story of a Oat Told by Herself. 

The Blind Boy. The Mute OirL A New Tale of ) m £l 
Babes in a Wood. 

♦Queen Bee and Busy Bee. 

♦Gull's Orag. . 

♦The Lost Pigs. ' 

Syllabio Spelling. By 0. Barton. In Two Parts. Infants, ott 
Standard I., 8d. 

GEOGRAPHICAL READING BOOKS. 

By M. J. Babbinotok Ward, M.A With numerous Illustrations. 

The Child's Geography. For the Use of Schools and for Home 

Tuition. 6d. 

The Map and the Compass. A Beading-Book of Geography, 

For Standard I. New Edition, revised. 8d. cloth. 

The Bound World. A Beading-Book of Geography. For 
Standard II. New Edition, revised and enlarged. lOd. 

About England. A Beading-Book of Geography for Standard 
HI. With numerous Illustrations and Coloured Map. Is. 4d. 

The Child's Geography of England. With Introductory Exer- 
cises on the British Isles and Empire, with Questions. 2s. Qd. 



Suitable 

for 

Standards 

I.*II. 



ELEMENTARY MECHANICS. 

By J. C. Hobobin, B.A., Principal of Homerton Training College. 

Stage L With numerous Illustrations. Is. Qd. 
Stage II. With numerous Illustrations. Is. Qd. 
Stage III. [Preparing. 
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20 George Belt and Sons* Educational Works. 



BELL'S READINQ-BOOK8. 

ffOB BOHOOL8 AND PABOOHIAL LIBRARIES. 

Post $vo. Strongly bound in cloth, It. each. 



♦Adventures of a Donkey. 

*Ldfe of Columbus. 

♦Grimm's German Tales. (Selected.) 

•Andersen's Danish Tales. Illustrated. (Selected.) 

*TJnole Tom's Cabin. 

♦Great UlngllBhrneTi. Short Lives for Young Children. 

Great Englishwomen. Short Lives oL 

Great Scotsmen. Short Lives of. 

Parables from Nature. (Selected.) ByMrs.Gatty. 

Lyrical Poetry. Selected by D. Monro. 
♦Edgeworth's Tales. (A Selection.) 
♦Scott's Talisman. (Abridged.) 

♦Poor Jack. By Captain Marryat, R.N. Abgd. 
•Dickens's LltUe NelL Abridged from the * The Old 

Cariosity Shop.' 
•Oliver Twist By Charles Dickens. (Abridged.) 
•Masterman Beady. ByCapt Marryat. Illus. (Abgd.) 
•Gulliver's Travels. (Abridged.) 
•Arabian Nights. (A Selection Be written.) 



Suitable 

for 
Standard 

III. 



Standard 
IV. 



Standard 
F. 



•The Vicar of Wakefield. 

Lamb's Tales from Shakespeare. (Selected.) 
•Robinson Crusoe. Illustrated. 
♦Settlers in Canada. By Capt. Marryat. (Abridged.) 
♦Southey's Life of Nelson, (Abridged.) 
♦Life of the Duke of Wellington, with Maps andPlane. 
♦Sir Roger de Coverley and other Essays from the 

Tales of the Coast. By J. Runoiman. Spectator. 

9 These Volume* art IUustraUd, 
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Standards 

'Vl.,t 

VII. 



Uniform with the Series, in limp cloth, 6<Z. each. 

Shakespeare's Plays. Kemble's Beading Edition. With Ex- 
planatory Notes for School Use. 

JULIUS OffilSAR. THE MERCHANT OF VENICE. KING JOHN. 
HENRY THE FIFTH. MACBETH. AS YOU LIKE IT. 
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